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Abstract Shape of an object is an important feature for image and multimedia
similarity retrievals. In our previous studies we introduced a new boundary-based
technique (MBC-based) for shape retrieval and compared its performance to other
techniques. In this study, we describe in detail the basics of our MBC-based shape
representation techniques, and we show how they support different query types. In
addition, we describe two original optimization techniques that can further improve
the performance of our MBC-based methods in several aspects, and show that they
are also applicable to other applications (e.g., pattern recognition techniques).
Finally, we define open problems in the area (e.g., partial similarity) and provide
some hints on how to approach those problems.
Keywords Multimedia systems . Multimedia digital libraries . Image content . Image
indexing . Shape representation . Shape similarity

1 Introduction
Several applications in the areas of CAD/CAM, computer graphics, and multimedia
require to store and access large databases. A major data type stored and managed
by these applications is the representation of two dimensional (2D) objects. Objects
contain many features (e.g., color, texture, shape, etc.) that have meaningful semantics. Among those, shape is an important feature that conforms with the way human
beings interpret and interact with real world objects. The shape representation of
objects can be used for their indexing, retrieval, and as a similarity measure. Shape
queries can hence be utilized to perform a quick search on the database to find a set of
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similar objects, or objects satisfying some spatial relationship, efficiently and independent of the database size.
In this study, we first present, in detail, the basics of a new boundary-based (termed
MBC-based) approach to shape representation and similarity measure that was
proposed by the authors in [22]. We start by describing how our techniques for
similarity shape retrieval depend on extracting features (e.g., angle sequences and
touch points) from an object_s minimum bounding circle (MBC). Then, we show
how our proposed MBC-based method could be used for efficient retrieval of 2D
objects by utilizing three different index structures based on features that are extracted from the object_s MBC. Next, besides similarity retrieval, we describe the
support of other query types (e.g., spatial queries such as topological and direction
queries) using our MBC features [16]. Finally, we describe the effectiveness of one
of our boundary-based techniques (MBC-TPVAS) as compared to three different
orthogonal shape representation methods (i.e., Fourier descriptors method—FD [21],
grid-based method—GB [19], and Delaunay triangulation method—DT [24, 25].
We compare their performance in terms of accuracy, storage and computation requirements, and robustness under various scenarios of Buncertainty’’ (e.g., presence
of noise in the database).
Second, we describe two original optimization techniques for our MBC-based
method that are also applicable to other applications (e.g., pattern recognition techniques). First, we propose a simple and more efficient algorithm to identify the minimum bounding circle (MBC) of an object. The technique relies on the fact that only
a small subset (S) of the points of an object uniquely determines the MBC of the
object. Hence, to speed up the MBC algorithm, we first find S. Then, we compute
MBC of the set S. Second, we propose a new technique to improve the response time
of MBC-based methods for match queries under a specified rotation angle (SRA).
The technique relies on utilizing the symmetry property of the phase values of the
Fourier transform (FT) of a real sequence (AS) under different rotations. Finally,
we show that the fundamental observations utilized by our techniques can be adapted
and extended to be applicable to other frameworks and application domains. For
example, our optimized MBC computation algorithm can be used in GIS systems
that sometimes maintain MBCs as approximations for spatial objects.
Finally, we define some open problems in the area and provide some hints on how
to approach those problems. For example, we investigate match queries under other
transformations such as mirroring, non-uniform scaling, and shearing.
The remainder of this paper is organized as follows. Section 2 describes MBCbased shape description techniques. In Section 3, we propose a technique to enhance
the performance of MBC computation algorithm. In addition, we describe the impact of using different starting points (i.e., rotating/shifting an angle sequence) on
the phase values of discrete Fourier transform (DFT) of a real sequence. Section 4
illustrates some experimental results. Finally, Section 5 concludes the paper, and
Section 6 provides some insight on future work and directions and lists some open
problems in the area.
2 MBC-based shape retrieval
In this section, we present a detailed description of the MBC features, MBC-based
shape representation, MBC-based index structures, the support for different query
types, and present its effectiveness compared to other methods.
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2.1 MBC features and shape representation
MBC-based shape representation methods (MBC-TPAS, MBC-VAS, and MBCTPVAS) are shape descriptor methods that are based on features extracted from the
object’s minimum bounding circle (MBC). Those features are the center coordinates
of MBC, the radius of MBC, the set of touch points on MBC (TPs), the touch points
angle sequence (TPAS), the vertex angle sequence (VAS), and the start point of the
angle sequence (SP). Figure 1 depicts an example of an object with its six identified
features. In figure 1b the MBC of an object is computed and its touch points are
identified as the vertices that lay on its MBC (denoted by X). Figure 1c and d show
the touch points and vertex angle sequences, respectively. With the MBC-based
methods, the shape descriptor of an object relies on a subset of the six MBC features. Each method starts by obtaining a feature function of the object called shape
signature f ðkÞ. To obtain f ðkÞ, four steps are required. The minimum bounding
circles of the objects are first computed. Second, MBC features such as angle sequences (TPAS, and VAS) and the number of touch points (TP) are identified.
Third, the object’s shape signature is identified as the sequence combination of TP,
TPAS and/or VAS. Finally, to fix and reduce the dimensionality of the shape signatures, DFT of the signatures is used as proposed in [1, 4]. DFT of the shape signatures preserves all the details available about the original signatures. In addition,
only some significant components from the transformed vectors are used for shape
representation, index key, and shape similarity computation.
2.2 Index structures
In our study [22], we presented a multi-step query processing method that efficiently
supports the retrieval of 2D objects. We showed how our proposed MBC-based

Fig. 1 MBC features
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methods could be used for efficient retrieval of 2D objects by utilizing three
different index structures based on features that are extracted from the objects
MBC. We proposed three types of index structures on different subsets of MBC
features. The first structure, ITPAS , indexes the objects based on their number of
vertices (m), number of touch points (nTP ), and their TPASs. The second structure,
IVAS , uses VAS of the objects for indexing purpose. Finally, the third index structure,
ITPVAS , is a hybrid of the first two structures, where it uses the information provided
by both the vertices of the objects (VAS and m) and their TPs. The index only helps
to identify a set of candidates that satisfy the query. We might have false hits but no
false drops. This set is then filtered in two steps in order to eliminate all the false
hits. In the first step, we use a subset of MBC features (i.e., SP, r, and C), to identify
rotated, scaled and/or translated candidates. Finally, in the last step, the final
candidates can be compared to the query object (Oq ) by employing any known
algorithm proposed in the area of computational geometry. However, we continue
utilizing MBC features for the final comparisons. Towards this end, we employ our
feature-based comparison algorithms, termed PCEM, PCRST, and PCSIM, which
are used for EM, RST, and SIM queries, respectively. EM, RST, and SIM are three
different match search queries on a database. EM is searching for exactly identical
objects. RST is searching for identical objects that are within a specified or
unspecified rotation, scaling, and translation. Finally, SIM is searching for similar
objects per our definition of similarity.

2.3 Spatial queries
Besides similarity retrieval, we describe the support of spatial queries (i.e., topological and direction queries) using our MBC features. Our primary motivation for
using MBC is that we showed the interesting properties of MBC to improve the
efficiency of similarity queries for the retrieval of 2D objects by shape. Therefore, in
order to utilize the same approximation for other spatial queries, we investigated
the usefulness and feasibility of MBCs for such queries. We identified a subset of
MBC features that could be utilized to support such queries. As a result, there is no
need to maintain two approximations (i.e., minimum bounding rectangle (MBR)
and MBC) per object for efficient support of different queries (i.e., similarity and
spatial). In addition, we argued that depending on the application, using MBC
approximations can be more beneficial than using MBRs. First, circles are insensitive to orientation and hence an object’s MBC is unique and invariant to translation and rotation. This property suits the requirements of the topological relations
in which MBCs stay invariant under topological transformations such as translation,
rotation and scaling [14]. Second, in [12] an indexing technique (Sphere\tree) was
proposed for circles that could be used to efficiently support MBC-based spatial
queries (see [16] for further details). Third, circles occupy less storage space than
rectangles. Finally, we showed that MBC is a successful approximation for topological overlap queries (important for intersection joins). We showed that the performance of overlap queries can be improved by distinguishing among nine different
types of overlap between the MBCs. Then, we determined the cases in which the
relation between the actual objects can be determined efficiently from the relation
between their corresponding MBCs.
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2.4 Related work and performance evaluation
In this section, we focus on the related work in the database area and discuss their
performance compared to our technique. We compared four boundary-based
methods for shape representation and retrieval: Fourier descriptors method (FD)
[6, 15, 21], grid-based method (GB) [8, 19], Delaunay triangulation method (DT)
[24, 25], and one of the MBC-based methods (MBCTPVAS). DT is a histogrambased approach used to classify shape features of objects. For each object, highcurvature points, called corner points, are used as the feature points of the object.
Then, a Delaunay triangulation of these feature points is constructed. Subsequently,
a feature point histogram is obtained by the discretization of the angles produced by
this triangulation into a set of bins and counting the number of times each discrete
angle occurs in the object. FD obtains the object representation in the frequency
domain as complex coefficients of the Fourier series expansion of the object’s shape
signature. The shape signature of the object is based on shape radii (or centroid
distances). It computes the distance between points uniformly sampled along the
object boundary and its centroid. Finally, the DFT of the shape signature is obtained.
The last approach for shape representation is GB. With this method, objects are first
normalized for rotation and scale. Then, the object is mapped on a grid of fixed cell
size. Subsequently, the grid is scanned and a 1 or 0 is assigned to the cells depending
on whether the number of pixels in the cell that are inside the object are greater
than or less than a predetermined threshold. Finally, a unique binary number is obtained as shape representation by reading the 1_s and 0_s assigned to the cells from
left to right and top to bottom.
In [17, 18], we tested the efficacy of our boundarybased technique
(MBCTPVAS) in terms of: 1) retrieval accuracy, 2) storage cost for their indices,
3) computation cost of generating the shape signature, 4) computation cost of
computing the similarity between two different shape signatures, 5) sensitivity to the
presence of noise in the database, and 6) sensitivity to the alternative ways of
identifying the boundary points of a shape. Our results demonstrated the superiority
of MBCTPVAS over other shape representation techniques using our evaluation
metrics. Our studies proved that the similarity retrieval accuracy of our method
(MBCTPVAS) is as good as other methods, while it had the lowest computation
cost of generating the shape signatures of the objects. Moreover, it had low storage
requirement, and a comparable computation cost of computing the similarity
between two shape signatures. Furthermore, MBCTPVAS showed to have better
accuracy than others in the presence of noise, and is less sensitive than others to the
number of vertices used to represent shape. Finally, the results showed that
MBCTPVAS had direct support for other query types (such as SRST and spatial
queries), while others lack to support them (refer to [18] for further details).

3 Optimization techniques
In our previous studies we introduced a new boundarybased technique for shape
retrieval and compared its performance to other techniques. Our results showed the
superiority of our MBCbased techniques in terms of robustness, retrieval accuracy,
storage requirement, and computation cost. Our current experiments and analysis
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show that we can further improve the performance of our method in several aspects.
First, we propose a simple and more efficient algorithm to identify the minimum
bounding circle (MBC) of an object. It operates only on a subset of the object’s
vertices instead of all the vertices. Second, we propose a new technique to improve
the response time of MBCbased methods for SRA match queries. The technique
relies on utilizing the symmetry property of the phase values of the DFT of a real
sequence under different rotations.
3.1 MBC computation
We start by describing the algorithm used to find the minimum bounding circle
(MBC) of an object. MBC of any finite set of points (P) in a 2D plane is its smallest
enclosing circle. The set of points of P can be divided into two sets Pin and Pon
(touch points); where Pin is the set of all points that are contained by the MBC but
are not laid on its boundary and Pon is the set of all points that are contained by the
MBC and are laid on its boundary.1 To compute the MBC of an object we use a
simple randomized algorithm that computes the smallest enclosing disk (circle) of a
set of n points in the plane in expected OðnÞ (linear time). The algorithm is based on
Seidel’s Linear Programming, that solves a Linear Program with n constraints and d
variables in expected OðnÞ time, provided d is constant (for details on MBC
algorithm see [26]). In general, for a set of n points, the algorithm computes
minimum disk containing P in an incremental fashion. It starts with the empty set
and adding the points in P one after another while maintaining the smallest enclosing disk of the points considered so far. The expected complexity of the algorithm is independent from the input distribution; it averages over random choices
made by the algorithm. In theory, there is no input that should force the algorithm
to perform poorly. However, in practical situations, the algorithm sometimes does
perform poorly. This is because when the algorithm computes the smallest enclosing
disk for x points (x  n) from the smallest enclosing disk for x  1 points, it randomly selects a point in P  ðx  1Þ and checks if this point leads to a larger enclosing disk for the x points. We observed that most the time, the algorithm picks up
points that are already covered by the smallest enclosing disk of a previous set of
points. In [9], another deterministic linear time algorithm for computing smallest
enclosing balls was proposed. However, their algorithm is not nearly as easy to
describe and to implement as Seidel’s algorithm, and it highly depends on the
constant d.
3.1.1 Optimized MBC computation
In this section, we propose a technique to enhance the performance of the MBC
computation algorithm. It reduces the number of points from which the randomized
selection part of the original algorithm can select. To this end, we identify a subset
of P that we know would contribute to the computation of the MBC of the points in
P, ignoring all the other points. In [26], a lemma states that if P and R are finite
point sets in the plane, and P is nonempty, then if there exists a disk containing P
with R on its boundary, the minimum bounding disk of P and R are unique.

1

To eliminate numerical errors, we use a circle with a wide boundary rather than its line contour.
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Therefore, we can conclude that the set of points Pin does not affect the MBC algorithm and that Pon is the set that uniquely determines MBCðPÞ. In fact, there are
at most three points (p) in Pon such that MBCðPÞ is not equal to MBCðP  pÞ; i.e.,
MBCðPÞ is determined uniquely by a maximum of three points in Pon .
Using the previous observations, we propose a new technique to speed up the
MBC computation algorithm by identifying all those points that may belong to Pin
and compute MBCðP  Pin Þ. Note that previously, given P, we cannot exactly
determine Pon and Pin without actually computing MBCðPÞ. Therefore, we propose
an approximation algorithm to find Pin . Towards this end, given P, we first compute
MBRðPÞ (in OðnÞ), and identify the largest diagonal of MBRðPÞ (maxR). Second,
we compute a reduced (scaled down) MBR (RedMBRðPÞ) with the largest diagonal
(RedR) equal to maxR reduced by a factor RF (i.e., RedR ¼ RF  maxR). Note that
the reduction factor value should be  1 (i.e., RF  1). Third, we consider the points
inside RedMBRðPÞ to be Pin . Finally, we compute the MBCðP  Pin Þ. Figure 2
embodies a graphical representation of the algorithm. Our approximation algorithm
to find Pin is highly dependent on the reduction factor RF. That is, for some values
of RF, Pin may contain some points that belong to Pon . Hence, we might find an
approximated MBCðPÞ. For example, in figure 3a we show an example of a set of
points (P) to which we applied two different values of RF. RedMBR1 contains two
points (the black vertices) that should belong to Pon , therefore, the calculated MBC
is an approximation of the original MBC. However, RedMBR2 does not contain the
two black vertices, hence, the algorithm finds the exact MBC. Therefore, we need to
find the optimal values of RF that would produce the exact MBC.
Given P and MBCðPÞ, the largest bounding rectangle of the points in P could be
the circumscribed rectangle of MBCðPÞ (CirMBR), and their smallest bounding
rectangle that could fit inside MBCðPÞ is the inscribed rectangle of MBCðPÞ
(InsMBR) (see figure 3b for further details). InsMBR can be considered as the
largest (and hence optimal) MBR that approximates Pin , and the points inside
InsMBR (s) are a subset of Pin (in figure 3b, the stripped area represents s, and the
gray area represents Pin  s). The smallest reduction factor (RF) for which MBCðPÞ
is always exact should satisfy the following relation: 1  Dr  RF  1  1  pﬃﬃ2rr 
RF  1 ! 1  p1ﬃﬃ2  RF  1. In general maxR  r (as shown in figure 4), however,
MBRðPÞ  CirMBR. Hence, by constraining RF to be  1  p1ﬃﬃ2 and  1, we guarantee that RedMBR is always a subset of InsMBR. For example, in figure 4 the
P

MBR

MBR

RedR

maxR

RedMBR
MBC

Fig. 2 Optimized MBC
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Fig. 3 MBC and its MBRs

points inside the gray area belong to InsMBR. However, to guarantee that we compute the exact MBCðPÞ, those points were not included inside RedMBR (approximation of Pin ).
3.2 DFT phase values trends
For similarity search, a shape representation technique should be capable of supporting different types of similarity search queries such as: 1) exact match, 2) exact
match regardless (invariant) of size and orientation 3) exact match under a specified
rotation angle (SRA), scaling factor, translation vector, or any combination of the
three. The support for query types under a specified size and/or orientation is
essential in some application domains. For example, searching for similar tumor
shapes in a medical image database [7]. A tumor is represented by a set of 2D
images, each corresponding to a slice cut through its 3D representation. A method
for retrieving similar tumor shapes would help to discover correlations between
tumor shape and certain diseases. In addition to the shape, the size and location of
the tumor would help in the identification of patients with similar health histories.
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Fig. 4 maxR

With MBCbased approaches, a subset of the MBC features (i.e., radius r, center
C, and start point SP) is utilized with a special index structure (e.g., ITPAS ) to
support match queries under a specified size and/or orientation. Our previous
analytical studies showed that the algorithm to find similar objects in a database
under a specified rotation angle (SRA) incurred the highest cost (OðnSP N 2 Þ); where
N is the number of vertices of an object and nSP is the number of start points (see
[23] for further details). This is due to the fact that rotating objects would lead to
different SPs, hence resulting in various angle sequences (ASs). As a consequence,
given a query object, we have to submit nSP queries to the database to find the
candidate objects for match (each query is answered using our ITPAS index structure
in OðN 2 Þ). In the worst case, SP could be any point in the original object, hence
nSP ¼ N which leads to a total complexity of OðN 3 Þ. To reduce the query processing
complexity, we need to reduce the number of queries submitted (i.e., reduce the
number of SPs that we have to investigate). Therefore, in Section 3.2.1 we study the
impact of using different starting points (SPs) on the phase values of the DFT of a
real sequence. In addition, we show that instead of submitting nSP queries for SRA
search, we submit only one query using the circular shift property of the DFT of a
real sequence. Another solution would be to store nSP different representations for
each object in our database. Then submit one SRA search query. However, this
approach would require much more additional storage space (nSP times the space
required for our approach).
We first start with some definitions and notations that we will use in following
section. Consider an Ndimensional real sequence X ¼ ðx0 ; . . . ; xN1 Þ. The DFT of X
^
^
is the N- dimensional complex sequence X ¼ ðx^0 ; . . . ; x^N1 Þ given by X ¼ FðXÞ where
X
1 N1
j2f * t
^
Þ; for f ¼ 0; 1; . . . ; N  1
xt expð
xf ¼ pﬃﬃﬃﬃ
N
N t¼0
pﬃﬃﬃﬃﬃﬃﬃ
where j is the imaginary unit ( j ¼ 1) of a complex number. In general, a complex
number a ¼  þ j can be defined as the set k a k (i.e., the magnitude of a) and ﬀa
(i.e., the phase of a). In our discussion hereon, we assume that N is even for simplicity,
although our observations extend to the case of arbitrary N. It is well known that Fast
Fourier Transform (FFT) can be used to calculate the DFT coefficients in OðN log NÞ
arithmetic operations. Some fundamental properties of the DFT are: 1) if we start
^
with an N-dimensional nonnegative real sequence X, then X is aPcomplex sequence
with the exception of x^0 , which is a nonnegative real number (x^0 ¼ pﬃﬃﬃN x ), 2) the phase
values for x^0 and x^d N2 e are always equal to zero regardless of the real sequence, 3) x^i
and x^Ni are conjugate complex numbers for i ¼ 1; 2; . . . ; d N2 e, hence, k x^i k¼k x^Ni k
(i.e., their magnitudes are equal), and ﬀ x^i ¼ ﬀ x^Ni (i.e., the absolute value of their
N1
t¼0

t
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phases are equal). Figure 5 shows the symmetry of the magnitude (represented by
Mi s) and phase values (represented by Pi s) of the DFT of a real sequence, and 4)
when applying a linear shift to a periodic sequence (or a circular shift of a sequence),
~ ¼
we observe the circular shift property of the p
DFT
[13] as follows: X½m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2m
expjð N Þn X½m (for 0  m  N  1); where k a k¼ 2 þ  2 and
8
>
arctanð  Þ : if   0
<
ﬀa ¼
arctanð  Þ þ  : if  < 0 and   0
>
: arctanð  Þ   : if  < 0 and  < 0


3.2.1 Circular shift property of Fourier transform
In this section, we investigate how to improve the response time of MBCbased
methods for SRA match queries by utilizing the circular shift property of the DFT
of a real sequence. In addition, from our following analytical models, we will show
that only one single phase value (second phase value of a sequence) is used to
enhance the query response time of SRA match queries instead of all the phase
values for different rotations/shifting. Hence, instead of submitting nSP queries, we
end up submitting only one query which reduces the total complexity for SRA
queries to OðN 2 Þ. To this end, we study the impact of using different starting points
(i.e., rotating an object or shifting the angle sequence) on the second phase value of
the DFT of a real sequence. If we consider an N- dimensional real sequence
X ¼ ðx0 ; . . . ; xN1 Þ, then the rotated (shifted) sequence of X is the N- dimensional
~ ¼ ðxn ; . . . ; xN2 ; xN1 ; x0 ; x1 ; . . . ; xn1 Þ; where n is the number of rotasequence X
tions. From the circular shift property of DFT we can conclude that the magnitude
values of a DFT does not change with different start points, and that the symmetry
property of the phase values of the transformed sequence is still observed. However,
the phase values change depending on the number of rotations. Our study shows
that by applying a transformation to the Fourier components with negative phase
values we can observe a new trend in the phase values of the DFT of a sequence.
Each Fourier component is a vector in complex plane. Therefore, if we replace the

Fig. 5 Symmetry in Fourier transform
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Fig. 6 Phase trend with rotation/shifting

vectors with negative phase values with vectors with the same magnitude but in the
opposite direction (same effect as adding a  to the phase values) we observe the
new trend. Figure 6 shows the phase values (Pi;j s: where i represents the ith phase
value, and j represents the number rotations) of FT of a real sequence for different
number of rotations/shifting (0  number of rotations  N  1) after adding  to
the negative values. From figure 6 we observe that after N2 rotations of the original
^
^
sequence, the phase values repeat, i.e., ﬀ Xi ¼ ﬀXN2 þi i ¼ 0; 1; . . . ; N2  1; where i is the
number of times the original sequence (X) is rotated. To be able to answer SRA
query we need to submit nSP queries, each corresponding to a phase value of the
DFT of a real sequence of size N for different rotation values of 0; . . . ; nSP .
However, using our observations about the symmetry of the phase values under
rotation, we conclude that only n2SP queries are required to answer an SRA query.
In addition, from our following analytical models, we will show that we can
further enhance the query response time of SRA match queries. This is accomplished by reducing the number of queries to answer an SRA from n2SP to only one
query by only storing a single phase value (second phase value of a sequence) of all
the phase values for different rotations/shifting.
We define a function k;i;j as follows:
(
ﬀx^jk  ﬀx^ik : if ﬀx^jk  ﬀx^;ik  0
k;i;j ¼
ﬀx^;jk ﬀx^ik þ  : if ﬀx^jk  ﬀx^ik < 0
for k; i; j ¼ 1; . . . ; N; where ﬀx^ik and ﬀx^jk are the phase values of the kth component of
^
X after i  1 and j  1 rotations of the real sequence X, respectively. In figure 7 we
show the value of the function k;i;j for k ¼ 2, j ¼ 1; . . . ; N, and i ¼ 1; . . . ; ð N2 þ 1Þ. For
i ¼ ð N2 þ 1Þ; . . . ; N the values of k;i;j are the same as for i ¼ 1; . . . ; N2 but were not
included in the table to save space. If we define  as follows: given two real
^
^
sequences X1 and X2 with the second phase values of their DFTﬀX11 and ﬀX21 ,
then:
8
^
^
>
ﬀX11  ﬀX21
^
^
>
>
: if ﬀX11  ﬀX21  0
>
2
<
N
¼
^
^
>
>
ﬀX11  ﬀX21 N
^
^
>
>
: if ﬀX11  ﬀX21 < 0
þ
:
2
2
N
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then, from figure 7, we can conclude the following: if we have two similar real
sequences X1 and X2 (i.e., the Euclidean distance between the magnitude values of
^
^
^
^
their DFT (X 1 and X 2) is close to zero, then using the phase values ﬀ X 11 and ﬀ X 21
we can tell if X1 and X2 are exactly the same or a rotated version of each other
under a specific rotation value according to the following condition:
–
–

if  ¼ 0!X1 and X2 are exactly the same, or rotated clockwise N2 times
if  ¼ n! same real sequences but shifted to the left n times, or n þ N2

where 1  n  N2  1. To generalize our observations, if F1 is the second Fourier
^
^
coefficient of X, then second Fourier coefficient of X after k shifts can be computed
jk
as F1  e (see figure 8).

4 Performance
In several applications, an important criterion for testing the efficacy of the shape
retrieval methods is that for each query object the relevant items (similar shapes) in
the database be retrieved efficiently. Therefore, in our previous studies [17, 18],
experiments were designed to measure the effectiveness of the similarity retrieval of
the four different shape representation methods (i.e., FD, GB, MDT, and MBCTPVAS) in terms accuracy, storage and computation requirements, and robustness
under various scenarios of Buncertainty’’ such as: 1) the presence of noise in the
database, 2) parameters used to identify a shape and its vertices, and 3) differences
between shape representation techniques and human perception in defining
similarity. However, in this study, we test some optimization techniques that can
be used to enhance the performance of MBC-based methods.
4.1 Optimization techniques
Originally, to find the MBC of an object we used a simple randomized algorithm
that computed the smallest enclosing disk (circle) of a set of n points in the plane in
expected OðnÞ (linear time) [26]. While the expected complexity of the algorithm
was independent from the input distribution, in practical situations the algorithm
sometimes performed poorly. To address this problem, we proposed a technique to
enhance the performance of the MBC computation algorithm that relies on the fact
that only a small subset S of the points of an object uniquely determines the MBC of
the object. Hence, to speed up the MBC algorithm, we first found the MBR of the

Fig. 7 Phase difference trend
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Fig. 8 Trend in second phase value

points. Then, we applied a reduction factor to produce a smaller MBR. The points
that did not belong to the smaller MBR were considered as the points that belonged
to S. Finally, we computed MBCðSÞ.
To evaluate the performance of our optimized MBC computation algorithm we
conducted two experiments using real and synthetic data. In the first experiment, we
used a database of 100 real objects (contours of fish images) with an average number
of points in an object equal to 100. We varied the reduction factor RF from 2% to
98% with an increment of 2. Figure 9a illustrates the results where the X-axis is
percentage of reduction factor (RF), and the Y-axis is the percentage of reduction in
the number of vertices and percentage of reduction in the execution time of the
optimized MBC computation algorithm as compared to the original MBC algorithm. The percentage of reduction in the number of vertices measures the quality of
our proposed algorithm in identifying the points of an object that will not contribute
. The percentage of reduction
in computing MBCðPÞ. That is, it computes PRedMBR
P
in the execution time of MBC computation algorithm measures the time saved by
not considering the points in RedMBR in the computation of its MBC. That is,
TimeðMBCðPÞÞTimeðOptimizedMBCðPÞÞ
. From the results in figure 9a we can conclude that
TimeðMBCðPÞÞ
our proposed algorithm reduces the execution time of MBCðPÞ significantly (up to
90% reduction for RF ¼ 4%). As the value of RF increases, the percentage of reduction in the number of vertices increases, and hence the execution time decreases.
As a consequence, the maximum reduction in the execution time of MBCðPÞ for
values of RF  optimal value of RF was 60%. However, we were able to find the
exact MBC even for cases where RF < optimal value of RF (i.e., RF < p1ﬃﬃ2). The
smallest value of RF without producing approximate MBCs was 4%.
In the second experiment, we used a database of 100 synthetic objects with an
average number of points in an object equal to 135. The synthetic data were gen-

Fig. 9 Performance improvement
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erated with more points inside Pin than the real data. We varied the reduction factor
RF from 2% to 98% with an increment of 2. Figure 9b illustrates the results where
the X-axis is percentage of reduction factor (RF), and the Y-axis is the percentage of
reduction in the number of vertices and percentage of reduction in the execution
time of MBC computation. From the results in figure 9b, we can conclude that the
optimized MBC computation algorithm performed marginally better than the case
where we were using real data (about 5% increase in performance). This is due to
the fact that the real data had fewer points inside InsMBR and hence smaller values
of reduction in the number of vertices. The smallest value of RF without producing
approximate MBCs was 12%.
Our experimental results were consistent with our analytical observations. In all
our experiments the proposed method reduced the execution time of the MBC
computation algorithm. In addition, even for values of RF < p1ﬃﬃ2, we still sometimes
compute the exact MBC.

5 Conclusion
In this study, we first presented a detailed description of our boundary-based
(termed MBC-based) approaches to shape representation and similarity measure.
We described how features extracted from an objects minimum bounding circle
(MBC) (e.g., angle sequences and touch points) can be used for: 1) representing 2D
objects, 2) similarity measure, 3) efficient retrieval of 2D objects, 4) building index
structures, and 5) the support of other query types (e.g., spatial queries). Second, we
showed the effectiveness and the superiority of MBC-based methods as compared to
different shape-based representation techniques.
We also described two original optimization techniques for our MBC-based
methods. Our new experiments and analytical models showed that we can further
improve the performance of our methods in several aspects. First, our experiments
showed that the algorithm to find the minimum bounding circle sometimes does
perform poorly, despite the fact that it has an expected complexity of OðnÞ (linear
time). To address this problem, we proposed a simple and efficient technique to
enhance the performance of the MBC computation algorithm. Our analysis showed
that only a small subset S of the points of an object uniquely determines the MBC of
the object. To identify the points in S, we first compute the MBR of the object.
Then, we identify a smaller enclosed MBR (RedMBR) with a specified reduction
factor RF. Finally, S can be determined by removing all the points that are inside
the RedMBR and apply MBC algorithm to S. To select a proper value for RF, we
computed the optimal value of RF (larger than or equal to 1  p1ﬃﬃ2) that would
guarantee to produce the exact MBC of an object. We evaluated our new algorithm
over real and synthetic data. The results showed that our proposed algorithm
reduces the execution time of the MBC computation algorithm significantly (up to
90% reduction). Moreover, we were able to find the exact MBC even for cases
where RF < optimal value of RF (i.e., RF < 1  p1ﬃﬃ2). Second, our analytical
studies in [22] showed that the algorithm to find similar objects in a database under
a specified rotation angle incurred the highest cost OðnSP N 2 Þ. This is due to the fact
that, using different SP (due to the rotation of the object) generates different angle
sequences (AS). As a consequence, given a query object, we have to submit nSP
queries to the database to find the candidate objects for match. Each query differs in
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its SP, and hence differs in its phase values but not its magnitude values. Therefore,
in this paper we proposed a new technique to improve MBC-based support for
match queries under a specified rotation angle by utilizing the circular shift property
of the DFT of a real sequence. Towards this end, we studied the impact of using
different starting points (i.e., rotating an object or shifting the angle sequence) on
the second phase value of the DFT of a real sequence. Our studies showed that the
magnitude values of FT do not change with different start points. However, the
phase values of FT change depending on the number of rotations. In addition, we
observed a symmetry property of the phase values of the transformed sequence that
would reduce the number of queries to only one by storing a single phase value
(second phase value of a sequence) instead of all the phase values for different
rotations/shifting. Furthermore, using a  function we can determine if two similar
real sequences X1 and X2 (i.e., the Euclidean distance between the magnitude
values of their DFT is close to zero), are exactly the same or a rotated version of
each other under a specific rotation value.
Finally, in Section 6 we will define some open problems in the area and provide
some hints on how to approach these problems. For example, we will investigate
how to support match queries under other transformations such as mirroring, nonuniform scaling, and shearing.

6 Open problems and future work
We intend to extend this work in several directions. First, we plan to investigate
match queries under other transformations such as mirroring, non-uniform scaling,
and shearing. For example, shearing and non-uniform scaling may occur either due
to distortion of the objects or by having different camera view points in animation
and structured video applications. The basic idea is to use a parametrization of the
object’s boundary which is robust with respect to an affine transformation. Second,
since polygons are very limited in approximating objects, we intend to identify
better features to represent objects with curved parts, holes, and open curves or
lines. Those features to be used to build index structures for similarity match
queries. Towards this end, a shape could be represented by sample points obtained
from tracing its boundary. Moreover, curves could be handled by using quantization
at uniform angles. In addition, holes could be considered as sub-parts of the objects.
Hence, we could employ the same proposed shape representation techniques to
represent them. However, it is important to identify and maintain the spatial
relations (e.g., location, distance, orientation) between the holes of the same object.
Finally, we can employ UNLFT that can handle open curves and lines. Third, we
have noticed that humans consider shapes to be similar if their general descriptions
are the same or if they have similar parts, and they do not pay attention to some
specific details. In addition, partial similarity match is not supported by all the
systems. Therefore, we intend to extend this work to utilize our features to support
partial similarity match queries. Towards this end, we can use FT of the polygon
sections instead of the polygon itself, where each polygon section is represented by
an edge sequence of fixed length. Fourth, we plan to study relationships between
more than two objects. For example, define topological relations between three
objects given that their MBC/MBS are overlapping. Fifth, we plan to design a
topological-direction model for the specification of the spatio–temporal relation-
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ships among objects (e.g., objects in a video sequence). Sixth, we want to extend this
work to support three dimensional objects. Our preliminary investigations show that
analogous to MBC features for 2D objects, we can extract features from 3D objects
by using their minimum bounding spheres. In addition, by using projection along
three faces, we can reduce the 3D problem to three 2D problems. Finally, the
optimized MBC computation algorithm and the trends in the phase values of the
DFT of real sequences could be adapted and extended to other frameworks and
application domains. For example, in GIS systems, MBC is sometimes used as an
approximation for handling complex spatial objects to improve the performance of
approximation-based query processing. The optimized MBC computation algorithm
can be used to speed up the process of generating an object’s approximation.
Another application domain could be pattern matching, in which we try to find the
occurrences of some pattern (P) in a sequence when also rotations of P are allowed.
Using partial matching of the DFT of the original sequence, we can detect the
occurrence of P in the sequence. In addition, using the phase value of the DFT of
the sequence we can determine if P is rotated/shifted as well as the exact number of
shifts.
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