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Abstract

We proposea data modeland a few algebraic oper-
ations that provide semanticfoundationto multidimen-
sional databases.Thedistinguishing feature of the pro-
posedmodel is the symmetrictreatmentnot only of all
dimensionsbut also measures. Themodelprovidessup-
port for multiple hierarchies along each dimensionand
supportfor adhocaggregates. The proposedoperators
are composable,reorderable, and closedin application.
Theseoperators are also minimal in the sensethat none
can be expressedin terms of others nor can any one
be droppedwithout sacri�cing functionality. They make
possiblethe declarative speci�cation and optimization
of multidimensionaldatabasequeriesthat are currently
speci�edoperationally. Theoperatorshavebeendesigned
to betranslatedto SQLandcanbeimplementedeitheron
top of a relational databasesystemor within a special
purposemultidimensional databaseengine. In effect,they
providean algebraic applicationprogramminginterface
(API) that allows theseparation of the frontendfromthe
backend. Finally, the proposedmodelprovidesa frame-
work in which to studymultidimensionaldatabasesand
opensseveral new research problems.

1 Intr oduction

Codd[CCS93] coinedthe phraseOn-Line Analytical
Processing(OLAP) to characterizethe requirementsfor
summarizing,consolidating,viewing, applyingformulae
to, and synthesizingdata accordingto multiple dimen-
sions. OLAP softwareenablesanalysts,managers,and
executivesto gain insight into the performanceof anen-
terprisethroughfastaccessto a wide varietyof views of
dataorganizedto re�ect the multidimensionalnatureof
the enterprisedata[Col95]. It hasbeensaidthat current
relationaldatabasesystemshave beendesignedandtuned
for On-Line TransactionProcessing(OLTP) and are in-
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adequatefor OLAPapplications[Cod93] [Fin95] [KS94].
In response,several multidimensionaldatabaseproducts
have appearedon themarket(see[Rad95] for a survey).

Thedatabaseresearchcommunity, however, hassofar
notplayeda majorrole in this marketphenomenon.Gray
et al. [GBLP96] recentlyproposedan extensionto SQL
with a Data Cubeoperatorthat generalizesthe groupby
constructto supportsomeof themultidimensionalanaly-
sis. Sincethen,techniqueshave beendevelopedfor com-
puting the datacube[AAD

�

96], for decidingwhat sub-
setof a datacubeto pre-compute[HRU96] [GHRU97],
for estimatingthe size of multidimensionalaggregates
[SDNR96], and for indexing pre-computedsummaries
[SR96] [JS96]. The researchin multidimensionalindex-
ing structures(see,for example,[Gut94] for anoverview)
is relevantaswell. Lastly, researchin statisticaldatabases
(see, for example, [Sho82] for an overview) also ad-
dressedsomeof thesameconcerns.

Thispaperpresentsa framework for researchin multi-
dimensionaldatabases.We �rst review conceptsandter-
minologiesin voguein multidimensionaldatabaseprod-
uctsin Section2. We alsopoint out someof thede�cien-
ciesin thecurrentproducts.Wethenproposein Section3
a data model to provide semanticbacking to the tech-
niquesusedby currentmultidimensionaldatabaseprod-
ucts.Thesalientfeaturesof ourmodelare:

� Ourdatamodelis amultidimensionalcubewith aset
of basicoperationsdesignedto unify the divergent
stylesin usetoday and to extend the currentfunc-
tionality.

� The proposedmodel providessymmetrictreatment
to not only all dimensionsbut alsoto measures.The
modelalso is very �e xible in providing supportfor
multiple hierarchiesalongeachdimensionandsup-
port for adhocaggregates.

� Eachof our operatorsarede�ned on the cubeand
produceasoutputanew cube.Thustheoperatorsare
closedandcanbefreely reordered.Thisfreecompo-
sition allows a userto form larger queries,thereby
replacingthe relatively inef�cient one-operation-at-



a-timeapproachof many existing products.Theal-
gebraicnatureof thecubealsoprovidesanopportu-
nity for optimizingmultidimensionalqueries.

� The proposedoperatorsareminimal. Nonecanbe
expressedin terms of othersnor can any one be
droppedwithout sacri�cing functionality.

� Our modelingframework providesthe logical sepa-
rationof thefrontendgraphicaluserinterface(GUI)
usedby a businessanalystfrom thebackendstorage
systemusedby thecorporation.The operatorsthus
provide analgebraicapplicationprogramminginter-
face(API) that allows the interchangeof frontends
andbackends.

Wediscussin Section4someof ourdesignchoicesand
show how currently popular multidimensionaldatabase
operationscanbeexpressedin termsof theproposedoper-
ators.Theseoperatorshave beendesignedto betranslated
intoSQL,albeitwith someminorextensions.Wereferthe
readerto [AGS96]for thesetranslations.Thus,our data
modelcanbeimplementedoneitherageneral-purposere-
lationalsystemor aspecializedengine.Weconcludewith
a summaryin Section5.

2 Curr ent Stateof the Art

We begin with a brief overview of thecurrentstateof
art in multidimensionaldatabases.

Example 2.1 Considera databasethat containspoint of
saledataaboutthesalespriceof products,thedateof sale,
andthe supplierwho madethe sale. The ��������� valueis
functionallydeterminedby the otherthreeattributes. In-
tuitively, eachof theotherthreeattributescan“vary” and
accordinglydeterminethesalesvalue.Figure1 illustrates
this “multidimensional”view.

Date
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p1 p2 p3 p4
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feb 2
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mar 4
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Figure 1. Example data cube

2.1 Terminology

Determiningattributes like �	��

������� , � � � � , � ����� ����� �
are referredto as dimensionswhile the determinedat-

tributeslike ��������� arereferredto asmeasures. (Dimen-
sionsare called categorical attributesand measuresare
called numericalor summaryattributesin the statistical
databaseliterature[Sho82]). Thereis no formal way of
decidingwhichattributesshouldbemadedimensionsand
which attributesshouldbemademeasures.It is left asa
databasedesigndecision.

Dimensionsusuallyhave associatedwith themhierar-
chiesthatspecifyaggregationlevelsandhencegranularity
of viewing data. Thus, � ������� 
����! �#" � � ��� � � �
�$��� � is a hierarchyon � � � � that speci�es various ag-
gregation levels. Similarly, �%��

�������&� ���'�(� � � � �(�
� � � �*) 
�� � is ahierarchyon the �%��

������� dimension.

An analystmight wantto seeonly a subsetof thedata
andthusmight view someattributesandwithin eachse-
lectedattribute might restrict the valuesof interest. In
multidimensionaldatabaseparlance,the operationsare
calledpivoting(rotatethecubeto show a particularface)
andslicing-dicing(selectsomesubsetof the cube). The
multidimensionalview allowshierarchiesassociatedwith
eachdimensionalso to be viewed in a logical manner.
Aggregating the productdimensionfrom productname
to producttype is expressedasa roll-up operation.The
converseof roll-up is drill-down that displaysdetail in-
formationfor eachaggregatedpoint. Thus,drilling-down
the productdimensionfrom productcategory to product
typegetsthesalesfor eachproducttypecorrespondingto
eachproductcategory. Furtherdrill downwill getsalesfor
individualproducts.Drill-down is essentialbecauseoften
userswantto seeonly aggregateddata�rst andselectively
seemoredetaileddata.

Example 2.2 We give below somequeriesto provide a
�a vor of multidimensionalqueries.Thesequeriesusethe
databasefrom Example2.1 and other necessaryhierar-
chiesonproductandtimedimensions.

� Give the total salesfor eachproductin eachquarter
of 1995.(Notethatquarteris a functionof date).

� For supplier “Ace” and for eachproduct,give the
fractionalincreasein the salesin January1995rel-
ative to thesalesin January1994.

� For eachproductgive its marketsharein its category
todayminusits marketsharein its category in Octo-
ber1994.

� Selecttop 5 suppliersfor eachproductcategory for
lastyear, basedon totalsales.

� For each product category, select total sales this
monthof the productthat had highestsalesin that
category lastmonth.

� Selectsuppliersthatcurrentlysell thehighestselling
productof lastmonth.

� Selectsuppliersfor which the total sale of every
productincreasedin eachof last5 years.



� Selectsuppliersfor which the total sale of every
productcategory increasedin eachof last5 years.

2.2 Implementation Architectures
Therearetwo mainapproachescurrentlyusedto build

multidimensionaldatabases.Oneapproachmaintainsthe
dataasa

�
-dimensionalmatrix basedon a non-relational

specializedstoragestructure.Thedatabasedesignerspec-
i�es all the aggregations they consideruseful. While
building the storagestructure,theseaggregationsassoci-
atedwith all possibleroll-upsareprecomputedandstored.
Thus,roll-upsanddrill-downsareansweredin interactive
time. Many productshave adoptedthis approach– for in-
stance,Arbor Essbase[Arb] andIRI Express[IRI].

Another approachusesa relationalbackendwherein
operationson the data cubeare translatedto relational
queries(posedin a possiblyenhanceddialect of SQL).
Indexes built on materializedviews are heavily usedin
suchsystems.Thisapproachalsomanifestsitself in many
products– for instance,Redbrick[Eri95] andMicrostrat-
egy [Mic].

2.3 Additional DesiredFunctionality
We believe that multidimensionaldatabasesystems

mustprovidethefollowingadditionalfunctionality,which
is eithermissingor poorlysupportedin currentproducts:

� Symmetric treatment not only of all dimensions
but also of measures. That is, selectionsand ag-
gregationsshouldbeallowedon all dimensionsand
measures.For example,considera querythat �nds
the total salesfor eachproductfor rangesof sales
pricelike 0-999,1000-9999andsoon. Herethesales
priceof aproduct,besidesbeingtreatedasameasure,
is alsothe groupingattribute. Suchqueriesthat re-
quirecategorizingona“measure”arequitefrequent.
Non-uniformtreatmentof dimensionsandmeasures
makessuchquerieshard in currentproducts. The
proposedOLAP councilAPI [OLA96] providesfor
all the measuresto be put on onedimensionof the
cube.However, this proposalmaintainsa sharpdis-
tinctionbetweenmeasuresanddimensionsanddoes
not solve theproblemof beingableto categorizeon
a measure.

� Support for multiple hierarchies along each di-
mension. For instance,Example2.1 illustratesthe
type-category hierarchyon products(of interestto a
consumeranalyst). An alternative hierarchyis one
basedon which company manufacturesthe product
and who owns that company, namely, �	��

��� ��� �
�'� ����� � �!� � � � � � � � � � ��� � 
 � � � � � (of interestto
a stockmarketanalyst).Roll-ups/drill-downscanbe
oneitherof thehierarchies.

� Support for computing ad-hoc aggregates. That
is,aggregatesotherthanthoseoriginallyprespeci�ed
shouldbecomputable.For instance,for eachproduct
boththetotalsalesandtheaveragesalesareinterest-
ing numbers.

� Support for a query model in place of one-
operation-at-a-time computation model. Cur-
rently, a useroperateson a cubeonceand obtains
the resultingcube. Then the user makesthe next
operation. However, not all the intermediatecubes
areof interestto the user. A setof basicoperators
thathave well de�ned semanticsenablethis compu-
tationto bereplacedby a querymodel.Thus,having
tools to composeoperatorsallows complex multidi-
mensionalqueriesto bebuilt andexecutedfasterthan
having the userspecifyeachstep. This approachis
alsomoredeclarative andlessoperational.

2.4 RelatedResearch

Datamodelsdevelopedin thecontext of temporal,spa-
tial andstatisticaldatabasesalsoincorporatedimensional-
ity andhencehave similaritieswith ourwork.

In temporaldatabases[TCG
�

93], rowsandcolumnsof
arelationaltableareviewedastwodimensionsand“time”
addsa third dimensionforming what is calledthe “time
cube”. This cubeis different from a cubein our model
wheredimensionscorrespondto arbitrary attributesand
all dimensionsaretreateduniformlywithoutattachingany
�x edconnotationwith any oneof them.

The modeling efforts in spatial databases[Gut94]
mostly concentrateon representingarbitrary geometric
objects(points, lines, polygons,regions etc.) in mul-
tidimensionalspace. By viewing OLAP dataas points
in the multidimensionalspaceof attributes, one could
draw analogiesbetweenthe two models. But the oper-
ationscentral to spatialdatabases(“overlap”, “contain-
ment”, etc.) arequitedifferentfrom thecommonOLAP
operations(“roll-up”, “drill-down”, “joins” etc.). How-
ever, themulti-dimensionalindexing structuresdeveloped
for spatialdatabases(see[Gut94]) maybeusefulin devel-
opingef�cient implementationsof OLAP databases.

Statisticaldatabasesalso addresssomeof the same
concernsas OLAP databases.However, modelsin the
statisticaldatabaseliterature[Mic92] [CL94] have been
primarily concernedwith extendingexisting datamodels
(mostly relational)for representingsummariesandsup-
portingoperationsfor statisticaldataanalysis.In contrast,
our objective hasbeento develop a modeland a set of
basicoperationsthat abstractthe analystsview of enter-
prisedata. In statisticaldatabases,category (dimensions)
and summaries(measures)are treatedquite differently,
whereaswe have strived to treat dimensionsand mea-
suresuniformly. For instance,[MERS92] describesan



S-algebrawith operationslike “S-union”, “S-selections”,
“S-aggregation” thataresimilar to someof the operators
that we de�ne. However, sincewe treat measuresand
dimensionssymmetrically, we have additionaloperators
thatareuniqueto our model. Irrespective of thesediffer-
ences,OLAP databaseswill bene�t from implementation
techniquesdevelopedin statisticaldatabases,particularly
relatedto aggregationviews(see[Sho82] [STL89]).

Concurrentto ourwork, [GLS96]proposedamodelfor
tabular datathatembedsboth therelationalandthe mul-
tidimensionaldatamodel. Their modelalsoallows mea-
suresanddimensionsto be interchangedlike our model.
However, their model doesnot statehow to handleag-
gregations, an operationthat is fundamentalto OLAP
databases.

3 Data Model
We now outline our proposedmultidimensionaldata

modelandoperationsthat capturethe functionality cur-
rently provided by multidimensionaldatabaseproducts
andtheadditionaldesiredfunctionalitylistedabove. Our
designwasdrivenby thefollowing key considerations:

� Treatdimensionsandmeasuressymmetrically.
� Strive for �e xibility (multiple hierarchies,adhocag-

gregates).
� Keepthenumberof operatorssmall.
� Stayascloseto relationalalgebraaspossible.Make

operatorstranslatableto SQL.
In our logical model,datais organizedin oneor more

multidimensionalcubes.A cubehasthe following com-
ponents:

�
�

dimensions,andfor eachdimensiona name
���

, a
domain��
 � � from whichvaluesaretaken.

� Elementsde�ned asa mapping�����	� from �$
 ��

�
����� � �$
 ��� to either an � -tuple, 0, or 1. Thus,
�����	����� 
�� ����� � � � � refersto theelementat “position”
� 
�� ����� � � � of cubeC. Note, the � � s refer to values
not positionsperse. Therefore,our modeldoesnot
requirethedimensionsto have aranked,discretedo-
main.

� An � -tuple of namesthat describesthe � -tuple ele-
mentof thecube.

The elementsof a cubecan be either0, 1, or an � -
tuple ��� 
 � ����� � �	��� . If the elementcorrespondingto
�����	����� 
�� ����� � � � � is 0 then that combinationof dimen-
sionvaluesdoesnot exist in the database.A 1 indicates
the existenceof that particularcombination. Finally, an
� -tuple indicatesthat additionalinformationis available
for that combinationof dimensionvalues. If any of the
elementsof a cubeis a 1 thennoneof the elementscan
bea � -tupleandvice-versa.We representonly thoseval-
uesalonga dimensionof a cubefor whichat leastoneof

theelementsof thecubeis not 0. If all theelementsof a
cubeare0 thenthecubeis empty. Additionally, if domain
�$
 � � of dimension

� �
hasno valuesthentoo thecubeis

consideredto beempty.
In ourmodel,nodistinctionis madebetweenmeasures

anddimensions.Thus, in Example2.1, salesis just an-
otherdimension.Notethatthis is alogicalmodelanddoes
notforceany storagemechanism.Thus,acubein ourdata
modelmay have morelogical dimensionsthanthe num-
ber of dimensionsusedto physicallystorethe cubein a
multidimensionalstoragesystem.

3.1 Operators

We now discussour multidimensionaloperators. We
illustratetheoperatorsusinga 2-D subsetof thecubein-
troducedin Example2.1.Weomit thesupplierdimension
anddisplayin Figure2 only the product, date, andsales
dimensions.Note,salesis not a measurebut anotherdi-
mension,albeitonly logical, in themodel.

Date

Productp1 p2 p3 p4

jan 1

feb 2

feb 3

mar 4

Sales

25

15
20

10

Figure 2. Logical cube wherein salesis a di­
mension (omitting the 1/0's)

To operateon the logical cube, the salesdimension
may have to be folded into the cubesuchthat salesval-
uesseemdeterminedby theproductanddatedimensions.
We describelaterhow this is achieved. For now, we will
use the cube with salesvaluesas the sole memberof
the elementsof the cube. Thus, the value ������� for
“ � � � �! � � ��" ” and “ �	��

��� ���  �#� ” in Figure3 in-
dicatesthat in the logical cubeof Figure2 the element
correspondingto “ � � � �	 �'� �$" ”, “ �	��

��� ���  �#� ”, and
“ ���������
 ��� ” is “ � ”. Weshow themetadatadescriptionof
theelementsasanannotationin thecube.Thus, � sales�
in Figure3 indicatesthat eachelementin the cubeis a
salesvalue.
Notation We de�ne the operatorsusinga cube � with�

dimensions.We referto thedimensionsas
� 
%� ����� � � � .

We use
� �

to referalsoto thedomainof dimension
� �

if
the context makesthe usageclear;otherwisewe refer to
thedomainof dimension

� �
as ��
 � � ���	� . We uselower



Product

Date

p1 p2 p3 p4

jan 1

feb 2

feb 3

mar 4
<Sales>

<10>

<20>

<15>

<10>

<15>

<20> <25>

<15>

<15> <20>

<10>

product

Product

Date

p1 p2 p3 p4

jan 1

feb 2

feb 3

mar 4

<Sales,Product>

<10,p1>

<20,p1>

<15,p1>

<10,p2>

<10,p3>

<15,p3>

<15,p3>
<15,p2> <20,p4>

<20,p3> <25,p4>

Figure 3. The push operation on dimension product

Pull 1st member 
of each element
as the new 
dimension "Sales"

Product

p1 p2 p3

<10,d1> <20,d3> <10,d4>
10

20

Productp1 p2 p3

<d1>

<d3>

<d4>

Sales

Figure 4. Pull �r st member of each element as dimension sales

caseletterslike � � � � � to referto constants.
Dimensionvaluesin our datamodel functionally de-

termineelementsof the cube. As a resultof anapplica-
tion of anoperation,morethanoneelementvaluemaybe
mappedto thesameelement(i.e. thesamecombinationof
valuesof dimensionattributes)of theanswercube.These
elementvaluesarecombinedinto onevalueto maintain
functionaldependency by specifyingwhatwecall anele-
mentcombiningfunction, denotedas ��������� .

We also sometimemerge valuesalong a dimension.
We call functionsusedfor this purposedimensionmerg-
ing functions, denotedas ���	��

��� .
Push

The pushoperation(seeFigure3) is usedto convert di-
mensionsinto elementsthatcanthenbemanipulatedus-
ing function ��������� . This operatoris neededto allow di-
mensionsandmeasuresto betreateduniformly.

Input: � ,
�	�

.

Output: � with eachnon-0elementextendedby an ad-
ditional member, the valueof dimension

���
for thatele-

ment.

Mathematically:push��� � �	� � = ��� .
����� � ��� � 
 � ����� � � � �  ) � � � where )  
�����	����� 
 � ����� � � � � . The operator � is de�ned to be�

if )  �
, it is � � � � if )  � , andin all othercasesit

concatenates) and � � � � .

Pull

Thisoperationis theconverseof thepushoperator. Pull
createsa new dimensionfor a speci�ed memberof the
elements.Theoperatoris usefultoconvertanelementinto
a dimensionso that theelementcanbeusedfor merging
or joining. This operatortoo is neededfor thesymmetric
treatmentof dimensionsandmeasures.

Input: � , new dimensionname
�

, integer � .

Output: ��� with an additionaldimension
�

that is ob-
tainedby pulling out the ����� elementof eachelementof
thematrix.

Constraint:all non-0elementsof � are � -tuplesbecause
eachnon-0elementneedat leastonememberto enable
thecreationof a new dimension.

Mathematically:pull ��� � � � � �  ��� , ��� � ��� .�
becomesthe

��� ��� � dimensionof thecube.
�$
 � � � 
 ��� � � = � ��� � ��� ����� � � � � � � 
 � � 
 �'�

�����	����� 
 � ����� � � � �! .
� �����%����� 
�� ����� � � � �!� � �  � �%
%� ����� �!� ��" 
�� � � � 
�� ����� � � � �

if � ���	� � � 
�� ����� � � � �  � � 
%� ����� � � � � ����� � � � � ,
� ��� � ����� 
 � ����� � � � �!� � �  �

, otherwise.
Note,if �  � thenelementsof � � are`1'sor '0' s.



Product

Date

p1 p2 p3 p4

jan 1

feb 2

feb 3

mar 4

<Sales>

<10>

<20>

<15>

<10>

<15>

<20> <25>

<15>

<15> <20>

<10>
prod in {p1,p3}

Product

Date

p1 p3

jan 1

feb 2

feb 3

mar 4

<Sales>

<10>

<20>

<15>

<20>

<15>

<15>

<10>

Figure 5. The restriction operation

Destroy Dimension

Oftenthedimensionalityof acubeneedsto bereduced.
This operatorremovesa dimension

�
that hasin its do-

main a singlevalue. The presenceof a singlevalueim-
plies that for the remaining

� � � dimensions,thereis a
unique

� � � dimensionalcube.Thus,if dimension
�

is
eliminatedthenthe resulting

� � � dimensionalspaceis
occupiedby thisuniquecube.

Input: � , dimensionname
�	�

.

Output: � � with dimension
� �

absent.

Constraint:
� �

hasonly onevalue,say �
Mathematically:destroy��� � � � � = � � .
� � has

� � � dimensions,
� 
 ����� � ��" 
 � � � � 
 � ����� � � � ,

�������%��� � 
 ����� � ��" 
�� � � � 
�� ����� � � � �  �����	����� 
 � ����� � � � � .
A dimension that has multiple values cannot be di-
rectly destroyedbecausethenelementswould no longer
be functionally determinedby dimensionvalues. A
multi-valueddimensionis destroyedby �rst applying a
merge operation(describedlater) and then applying the
above operation.Note that, if

�  � we will get a zero
dimensionalcubeor a scalaras a result of the destroy
operation.

Restriction

Therestrictoperatoroperatesonadimensionof acube
andremovesthecubevaluesof thedimensionthatdonot
satisfya statedcondition. Figure5 illustratesan appli-
cationof restriction.Note that this operatorrealizesslic-
ing/dicingof a cubein multidimensionaldatabasetermi-
nology.

Input: Cube� andpredicate
�

de�nedon
���

.

Output:New cube� � obtainedby removing from � those
valuesof dimension

� �
thatdonotsatisfythepredicate

�
.

We have a moregeneralnotionof predicate
�

thatcanbe

evaluatedona setof valuesandnot onjust asinglevalue.
Thus,

�
canbe eitherof the form “greaterthan5” that

is evaluatedon singlevaluesat-a-timeor beof the form
“top 5 values”that is evaluatedon the entiredomain

� �
andoutputsasetof values.If noelementof dimension

���
satis�es

�
then ��� is anemptycube.

Mathematically:restrict(� � � � � � ) = � � .
�$
 ��� �����%�  ��
 ��� ����� if ����� � ��� �	� �

 � � �$
 � � ���	� � , otherwise.
� �����%����� 
�� ����� � � � �  �����	����� 
�� ����� � � � � .
Join

Thejoin operationis usedto relateinformationin two
cubes.Theresultof joining a � -dimensionalcube� with
an � -dimensionalcube � � on

�
dimensions,calledjoin-

ing dimensions, is cube � � with � � � � �
dimensions.

Eachjoining dimension
� �

of � combineswith exactly
onedimension

��

�
of � � to get resultingdimension

� �
of ��� asfollows:For eachjoineddimension,two mapping
functionsareusedfor mappingthecorrespondingjoining
dimensionof � and � � to theresultingdimensionof ��� .
Theelementsof ��� arethenformedvia a function ���������
thatcombinesall elementsof � and � � thatgetmapped
to thesameelementof ��� .

Figure6 illustratescube � joining with cube � � on
dimension

� 
 (mappingfunctionis identity). Dimension� 
 of the resultingcubehasonly two values.Thefunc-
tion � � ����� dividestheelementvaluefrom cube � by the
elementvalue from � � ; if either elementis 0 then the
resultingelementis also 0. Valuesof result dimension
thathave only 0 elementscorrespondingto themareelim-
inatedfrom � � (like values0 and3 for dimension

� 
 ).
Input: � with dimensions

� 
 ����� � � and � � with
dimensions

� � " � � 
 ����� � � .
� � " � � 
%� ����� � � � are

the join dimensions (without loss of generality).�
mapping functions, � � " � � 
 � ����� � � � de�ned over

dimensions
� � " � � 
 � ����� � � � of � and

�
map-
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d
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<3>

<2>
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C

map dimension
D   using the
identify mapping
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ping function � �� " � � 
 � ����� � � �� de�ned over dimensions� � " � � 
 � ����� � � � of � � . Mapping � � appliedto value��� �$
 � � ���	� producesvaluesfor dimension
���

in ��� .
Similarly � �� appliedto � � � �$
 � � ��� ��� producesvalues
for dimension

�	�
in ��� . Also neededis a function ��� �����

thatcombinessetsof elementsfrom � and � � to output
elementsof ��� .
Output: ��� with � dimensions,

� 
 ����� � � . Multi-
ple elementsin � and � � could get mappedto the
sameelementin ��� . All elementsof � and � � that
get mappedto the samepoint in �	� are combinedby
function ��������� to producethe output elementof �	� .
If for some value � of dimension

���
, the elements

�������%����� 
%� ����� � � � � � � 
�� ����� � � � � is 0 for all valuesof the
otherdimensions,then � is not includedin dimension

� �
of ��� .
Mathematically:
join ��� � � � ��� � � " � � 
 � ����� � � � � � �� " � � 
 � ����� � � ���� � � ������� � � �
�$
 � � ��� � �  ��
 � � ���	� if � � � � � � �

. �$
 � � ��� ��� if � � ��� � � � . ��� � � � � � � � � � � � � � �$
 � � ����� OR
� � � � �� � � � � � � � � �$
 � � ��� ���! .

�������%��� � 
�� ����� � � �� " � � ����� � � �� � ����� � � � �  � ������� �������  � � �
	� �
suchthat
���  ��������� � 
�� ����� � � � " � � ����� � � � � ,
�
	  ����� ������� �� " � � ����� � � �� � � � � 
 � ����� � � � � ,
� �� � � � � � � � OR � �� � � �� � � �� �

Wede�nedaboveageneralnotionof thejoin operatorthat
coversseveral importantspecialcases.Notableamongst
theseare:cartesian product, natural join, union, merge

andassociate. In thecaseof cartesian product, the two
cubeshave no commonjoining dimension. In the case
of natural join the mappingfunction is identity andthe
� � ����� functionreturns“0” whenever oneof theelements
is '0”. Thesub-casesunionandmergearediscussedlater.

Associate is an especiallyuseful sub casein OLAP
applicationsfor computationslike “expresseachmonth's
saleas a percentageof the quarterlysale.” Associateis
asymmetricand requiresthat eachdimensionof � � be
joined with somedimensionof � . Figure 7 illustrates
associatingcube � � with � wheremonthdimensionof
� � anddatedimensionof � arejoinedby mappingthem
to the date dimensionof ��� . Similarly, category and
product are joined by mappingthem to product of � � .
For dimensionmonth, eachmonth is mappedto all the
datesin that month. For dimensioncategory, value � � ���
is mappedto products� � and ��	 , and � � �
	 is mappedto
�
� and � " . For dimensionsdateandproductthe identity
mappingis used. Function ��������� divides the element
value from cube � by the elementvalue from � � ; if
eitherelementis 0 then the resultingelementis also 0.
Note, value mar4 is eliminatedfrom �	� becauseall its
correspondingelementsare0.

Merge

Themerge operationis anaggregationoperation.We
illustrateit in Figure8. The�gure shows how hierarchies
in amultidimensionaldatabaseareimplementedusingthe
mergeoperator. Intuitively,a dimensionmerging function
is usedto mapmultiple productnamesinto oneor more
categoriesand anotherfunction is usedto map individ-
ual datesinto their correspondingmonth. Thus,multiple
elementson eachdimensionaremergedto producea di-
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mensionwith a possiblysmallerdomain. As a resultof
mergingeachdimension,multipleelementsin theoriginal
cubegetmappedto thesameelementin thenew cube.An
elementcombiningfunctionis usedto specifyhow these
multipleelementsareaggregatedinto one.In theexample
in Figure8, theaggregationfunction ��� ����� is sum.

In general,thedimensionmerging functionmight bea
one-to-many mappingthat takesanelementin the lower
level into multipleelementsin thehigherlevel of hierar-
chies. For instance,a � � � mappingcan be usedto
mergea productbelongingto � categoriesto handlemul-
tiple hierarchies.

Input: � , function � � ����� for mergingelementsand � (di-
mension,function) pairs. Without lossof generality, as-

sumethatthe � pairsare � � 
�� � 
 � � ����� � � � � � � � �
Output: Cube ��� of samedimensionalityas � . Dimen-
sion

� �
is merged as per function � � . An elementcor-

respondingto the merged elementsis aggregatedas per
� � ����� .

Mathematically:
merge(� � � � � 
�� � 
 � � ����� � � � � � � � �  � � ������� )= ��� .
�$
 � � �����%�  � � � � � � � � � �$
 � � �����! if �	� � � � , ��
 � � ���	� , otherwise.
� �����%����� 
�� ����� � � � �  � � ����� ��� � � �  � ���	� � � � 
 � ����� � � �� �

wherefor � � � � �� �  � � if � � � � � else�
��  � �  � .

A specialcaseof the merge operatoris whenall the



merging functionsareidentity. In this case,themergeop-
eratorcanbeusedto applya function � ������� to eachele-
mentof a cube.
Remark The merge operatoris strictly not part of our
basicset of operators. It can be expressedas a special
caseof the self-join of a cubeusing ������
 � � transforma-
tion functionson dimensionsbeing mergedand identity
transformationfunctionsfor otherdimensions.We chose
to separatelyde�ne merge becauseit is a unaryoperator
unlike thebinaryjoin andalsofor performancereasons.

4 Discussion

The readermay have noticedsimilaritiesin the oper-
atorsproposedand relationalalgebra[Cod70]. It is by
design.Oneof ourgoalswasto explorehow muchof the
functionalityof currentmultidimensionalproductscanbe
abstractedin termsof relationalalgebra. By developing
operatorsthat canbe translatedinto SQL (see[AGS96]
for translations),our hopewas to createa fast path for
providing OLAP capabilityon top of relationaldatabase
systems.We musthastento addthat we arenot arguing
againstspecializedOLAP engines—webelievethedesign
andprototypingof suchenginesis a fruitful researchdi-
rection. We arealsonot suggestingthatsimply translat-
ing theseoperatorsinto SQL would besuf�cient for pro-
viding OLAP capabilitiesin relationaldatabasesystems.
However, it doespoint to directionsin whichoptimization
techniquesand storagestructuresin relationaldatabase
systemsneedto evolve.

Thegoalof treatingdimensionsandmeasuressymmet-
rically had a permeatingin�uence in our design. It is
a functionality eithernot presentor poorly supportedin
currentmultidimensionaldatabaseproducts. Its absence
causesexpensive schemaredesignwhenanunanticipated
needarisesfor aggregationalonganattributethatwasini-
tially thoughtto bea measure.In hindsight,thepushand
pull operationsmay appeartrivial. However, their intro-
ductionwasthekey thatmadethesymmetrictreatmentof
dimensionsandmeasurespossible.

Thereadermayarguewith theway we have chosento
incorporateorder-basedinformationinto ouralgebra.We
rely on functionsfor this purpose,which impliesthat the
systemmay not be able to usethis information in opti-
mizingqueries.We debatedaboutallowing a nativeorder
to bespeci�edwith eachdimensionandproviding order-
ing operators.We decidedagainstit becauseof the large
numberof suchoperatorsandbecausethesemanticsgets
quite complex whentherearemultiple hierarchiesalong
a dimension.In a practicalimplementationof our model,
it will beworthwhileto allow a defaultorderto bespeci-
�ed with eachdimensionandmakesystemawareof some
built-in orderingfunctionssuchas “�rst � ”. The same
holdsfor providing theknowledgeof somebuilt-in aggre-

gatefunctions.
The reader may also notice the absenceof direct

analogsof relationalprojection,union, intersection,and
difference.Theseoperationscanbeexpressedin termsof
ourproposedoperatorsasfollows:
Projection The projection of a cube is computedby
mergingeachdimensionnotincludedin theprojectionand
thendestroyingthedimension.A ��������� functionspecify-
ing how multipleelementsarecombinedis neededaspart
of thespeci�cationof theprojection.
Union Two cubesareunion-compatibleif (i) they have
thesamenumberof dimensions;and(ii) for eachdimen-
sion

� �
in � , dimension

�	�
in � � is of thesamedomain

type. Union is computedby joining the two cubesusing
the identity transformationfunctionsfor eachdimension
of eachcubeandby choosinga function ��� ����� that pro-
ducesanon-emptyelementfor element� in � � whenever
anelementfrom eitherof thetwo cubesis mappedinto � .
Dimension

� �
in the resultingcubehasasits valuesthe

unionof thevaluesin �$
 � � ���	� andin ��
 � � ��� ��� .
Intersect The intersection of two union-compatible
cubesis computedby joining thecubesthroughtheiden-
tity mappingthateffectively retainsonly thosedimension
valuesthatarepresentin bothcubes.Thus,function � �������
makesnon-0anelementfor point � in � � only if elements
from bothcubesaremappedinto � .
Difference The difference of two union-compatible
cubes � � and � 	 is expressedas an intersectionof
� � and � 	 followed by a union of the result with � � .
The � � ����� function for combiningtwo elementsfor the
intersectionstepsdiscardsthe value of the elementfor
� � and retains � 	 's element. The � ������� function for
combining two elementsfor the union step saves the
value of � � 's elementif the two elementsare different
andmakestheresult0 if they areidentical1.

4.1 ExpressivePower

Ouralgebracanbeseento beat leastaspowerful asre-
lationalalgebra[Cod70]. A precisecircumscriptionof the
expressive power of the proposeddatamodel is an open
problem. A relatedinterestingopenquestionpertainsto
de�ning a formal notionof completenessfor multidimen-
sionaldatabasequeriesandevaluatinghow completeour
algebrais with respectto thatmetric. We takeanempiri-
calapproachanddiscussbelow how thecurrenthigh-level
multidimensionaloperationscanbe built usingour pro-
posedoperators.

1This implementationcorrespondsto the following semanticsfor���������
: �
	 ����
 	������������������ 


equals0 if ��	 ����
 	������������������ 

=

�
	 ����
 	 ���!���������"� � 

; it is ��	 �#�!
 	���������������� � 


otherwise. Another
alternative semanticscould be that ��	 � � 
 	���������������� � 


equals0 if
�
	 ����
 	 ���!���������"��� 
%$& 0, and ��	 ����
 	������������������ 


otherwise.This se-
manticscanbe implementedby a small changein the '!(�)*("+ function
usedin theunionstep.



Roll-up Roll-up is a mergeoperationthatneedsonedi-
mensionmerging function and one elementcombining
function. If a hierarchyis speci�ed on a dimensionthen
the dimensionmerging function is de�ned implicitly by
the hierarchy. The elementscorrespondingto merged
valueson the dimensionare combinedusing the user-
speci�edelementcombiningfunctionlike SUM.
Drill-down This operatoris actually a binary opera-
tion eventhoughmostcurrentmultidimensionaldatabase
productsmakeit seemlike a unaryoperation. Consider
computingthe sum � of 10 values. Drill-down from �
to the underlying10 valuesis possiblein in�nite ways.
Thus,theunderlying10valueshave to beknown. Thatis,
the aggregatecubehasto be joined (actuallyassociated)
with the cubethat hasdetailedinformation. Continuing
with ouranalogy, to drill down from � to its constituents
thedatabasehasto keeptrackof how � wasobtainedand
thenassociate� with thesevalues.Thus,if usersmerge
cubesalongstoredpathsandthereareuniquepathdown
themergingtree,thendrill down is uniquelyspeci�ed.By
storinghierarchyinformationandby restrictingsingleel-
ementmerging functionsto beusedalongeachhierarchy,
drill-down canbe provided asa high-level operationon
topof associate.
Star Join In a starjoin [Eri95], a largedetail “mother”
table

�
is joinedwith severalsmall“daughter”tablesthat

describejoin keys in themothertable. A starjoin denor-
malizesthe mothertableby joining it with its daughter
tablesafterapplyingselectionconditionsto their descrip-
tive attributes. We describehow our operatorscapturea
starjoin when

�
hasonedaughtertable � 
 thatdescribes

the join key �eld
�

of
�

. Table � 
 canbeviewedasa
one-dimensionalcube,� 
 with thejoin key �eld

�
asthe

dimensionandall the description�elds pulled in asele-
ments.A restrictionon a descriptionattribute � of table
� 
 correspondsto a function applicationto the elements
of � 
 . Restrictionson the join key attribute translateto
restrictionson dimension

�
of � 
 . The join between

�
and � 
 is achieved by associatingthe mothercubewith
thedaughtercubeon thekey dimension

�
usingtheiden-

tity mappingfunction. Thedescriptionof eachkey value
is pulled in from the daughtercubeinto themothercube
via the ��������� function.
Expressing a dimension as a function of other dimen-
sions This functionality is basicin spreadsheets. We
cancreatea new dimension

�
expressedasa function, �

of anotherdimension
� �

by �rst pushing
� �

into thecube
elements,thenmodifying the cubeelementsby applying
function � and�nally pulling outthecorrespondingmem-
berof thecubeelementasa new dimension

�
.

4.2 Examplequeries

This section illustrateshow to expresssomeof the
queriesof Example2.2 usingour operators.Assumewe

have a cube � with dimensionsproduct,month,supplier
andelementsales.

For supplier“Ace” and for each product,give the frac-
tional increasein thesalesin January1995relativeto the
salesin January1994.

Restrict supplierto “Ace” anddatesto “January1994
or January1995”. Merge datedimensionusingan � �������
thatcombinessalesas ��� � � ����� where � is thesalein
Jan1994and � is thesalein Jan1995.

For each productgiveits marketshare in its category this
monthminusits marketshare in its category in October
1994.

Restrict date to “October 1994 or current month”.
Merge supplierto a single point using sum of salesas
the � ������� functionto get � � . Merge productdimension
to category usingsumasthe � ������� functionto get in � 	
thetotalsalefor thetwo monthsof interest.Associate � �
and � 	 , mappinga category in � 	 to eachof its products
in � � . Theidentitymappingis usedfor theMonthdimen-
sion. Function ��� ����� dividestheelementfrom � � by the
elementfrom � 	 to get themarketshare.For theresult-
ing cube,Merge dimensionmonthto a singlepointusing
a � ������� function ��� � � � where� is themarketsharefor
“this” monthand � is themarketsharein October1994.

For each product category, selecttotal salesthis month
of theproductthat hadhighestsalesin that category last
month.

Restrict dimensionmonth to “last” month. Merge
supplierto a singlepoint usingsumof salesasthe � �������
function. Push productdimensionresultingin 2-tupleel-
ementswith � Saleandproduct� . Merge productto cate-
goryusing ��������� functionthatretainsanelementif it has
the“maximum” sales.Pull productinto the category di-
mension(over-riding thecategory dimension,this canbe
easilydoneusingour basicoperators).Let the resulting
cubebe � � . Thiscubehasthehighestsalesvaluefor each
elementfor “last” month. Restrict � on dimensiondate
to “this” month,Merge supplierto a singlepoint using
sumof salesasthe � � ����� function andassociate it with
� � on the productdimensionusing � � ����� function that
only outputstheelementof � whenit is thesameasthe
correspondingelementsfrom � � (otherwisereturns0).

Selectsuppliersfor which the total saleof every product
increasedin each of last5 years.

Restrict to monthsof last 6 years. Merge month to
year. Merge yearsto a singlepointusinga ��� ����� function
thatmapsthesix salesvaluesto “1” if salesvaluesarein-
creasing,“0” otherwise.Merge productto a point where
� � ����� function is “1” if andonly if all its argumentsare
“1”.



5 Conclusionsand Futur e Work

This paperintroduceda datamodel and a set of al-
gebraicoperationsthat unify and extend the functional-
ity provided by currentmultidimensionaldatabaseprod-
ucts.As illustratedin Section4.1, theproposedoperators
can be composedto build OLAP operatorslike roll-up,
drill-down, star-join and many others. In addition, the
model provides symmetrictreatmentto dimensionsand
measures.The modelalsoprovidessupportfor multiple
hierarchiesalongeachdimensionandsupportfor adhoc
aggregates.Absenceof thesefeaturesin currentproducts
resultsin expensive schemaredesignwhenan unantici-
patedneedarisesfor a new aggregation or aggregation
alonganattribute thatwasinitially thoughtto bea mea-
sure.

Theproposedoperatorshave severaldesirableproper-
ties.They havewell-de�nedsemantics.They areminimal
in thesensethatnonecanbeexpressedin termsof others
nor canany onebedroppedwithout sacri�cing function-
ality. Every operatoris de�ned on cubesandproducesas
outputacube.Thatis, theoperatorsareclosedandcanbe
freelycomposedandreordered.Thisallowstheinef�cient
one-operation-at-a-timeapproachcurrentlyin vogueto be
replacedby a querymodelandmakesmultidimensional
queriesamenableto optimization.

The proposedoperatorsenablethe logical separation
of thefrontenduserinterfacefrom thebackendthatstores
and executesqueries. They thus provide an algebraic
API that allows the interchangeof frontendsand back-
ends. The operatorsare designedto be translatedinto
SQL.Thus,they canbeimplementedoneitherarelational
systemor aspecializedengine.

For future,on themodelingside,work is neededto in-
corporateduplicatesandNULL valuesin our model. We
believe that theduplicatescanbehandledby treatingel-
ementsof the cubeaspairsconsistingof an arity anda
tupleof values.Thearity givesthenumberof occurrences
of thecorrespondingcombinationof dimensionalvalues.
NULLs canberepresentedby allowing for a NULL value
for eachdimension.Detailsof theseextensionsandother
possiblealternativesrequirefurtherinvestigation.

On the implementationside, thereare interestingre-
searchproblemsfor implementingour modelon top of a
relationalsystemaswell aswithin a specializedengine.
Althougheachof theproposedoperatorscanbetranslated
intoaSQLquery, simplyexecutingthistranslatedSQLon
a relationalengineis likely to bequite inef�cient. Corre-
spondingto a multidimensionalquerycomposedof sev-
eral of theseoperators,we will get a sequenceof SQL
queriesthatoffers opportunityfor multi-queryoptimiza-
tion. It needsto beinvestigatedwhethertheknown tech-
niques(e.g. [SG90]) will suf�ce or do we needto de-
velopnew techniques.Similarly, thereis opportunityfor

researchin storageandaccessstructuresandmaterialized
views.
Acknowledgments We wish to thank Mike Carey,
PiyushGoel,BalaIyer, andEugeneShekitafor stimulat-
ing discussionsandprobingquestions.
References

[AAD
�

96] S. Agarwal, R. Agrawal, P.M. Deshpande,
A. Gupta,J.F. Naughton,R. Ramakrishnan,
and S. Sarawagi. On the computationof
multidimensionalaggregates. In Proc. of
the 22nd Int'l Conference on Very Large
Databases, pages506–521,Mumbai (Bom-
bay),India,September1996.

[AGS96] Rakesh Agrawal, Ashish Gupta, and
Sunita Sarawagi. Modeling multidi-
mensional databases. ResearchReport,
IBM Almaden Research Center, San
Jose, California, 1996. Available from
http://w ww.al maden.i bm.co m/c s/ quest .

[Arb] Arbor Software Corporation, Sunnyvale,
CA. Multidimensional Analysis:Converting
Corporate Data into Strategic Information.
http://www.arborsoft.com .

[CCS93] E. F. Codd, S. B. Codd, and C. T. Salley.
Beyond decisionsupport. Computerworld,
27(30),July1993.

[CL94] R. CicchettiandL. Lakhal. Matrix relation
for statisticaldatabasemanagement.In Proc.
of the Fourth Int'l Conferenceon Extending
DatabaseTechnology(EDBT), March1994.

[Cod70] E.F. Codd. A relational model for large
shareddatabanks.Comm.ACM, 13(6):377–
387,1970.

[Cod93] E. F. Codd.Providing OLAP (on-lineanalyt-
ical processing)to user-analysts:An IT man-
date.Technicalreport,E. F. CoddandAsso-
ciates,1993.

[Col95] George Colliat. OLAP, relational,andmul-
tidimensionaldatabasesystems. Technical
report,Arbor SoftwareCorporation,Sunny-
vale,CA, 1995.

[Eri95] ChristopherG. Erickson. Multidimensional-
ism and the data warehouse. In The Data
WarehousingConference, Orlando, Florida,
February1995.

[Fin95] RichardFinkelstein.MDD: Databasereaches
thenext dimension.DatabaseProgramming
andDesign, pages27–38,April 1995.

[GBLP96] J.Gray, A. Bosworth,A. Layman,andH. Pi-
rahesh. Data cube: A relational aggrega-
tion operatorgeneralizinggroup-by, cross-



tabsandsub-totals.In Proc.of the12thInt'l
ConferenceonDataEngineering, pages152–
159,1996.

[GHRU97] HimanshuGupta,Venky Harinarayan,Anand
Rajaraman,andJeffrey D. Ullman. Index se-
lection for OLAP. In Proc. of the 13th Int'l
Conferenceon Data Engineering, Birming-
ham,U.K., April 1997.

[GLS96] M. Gyssens,L.V.S. Lakshmanan,and I.N.
Subramanian. Tables as a paradigm for
queryingandrestructuring. In Proceedings
of the ACM Symposiumon Principles of
DatabaseSystems(PODS), 1996.

[Gut94] R. H. Guting. An introduction to spatial
databasesystems.VLDB Journal, 3(4):357–
399,1994.

[HRU96] V. Harinarayan,A. Rajaraman,andJ.D.Ull-
man.Implementingdatacubesef�ciently . In
Proc. of the ACM SIGMOD Conferenceon
Managementof Data, June1996.

[IRI] IRI Software, Information ResourcesInc.,
Waltham, MA. OLAP: Turning Cor-
porate Data into Business Intelligence.
http://www.infores.com.

[JS96] T. Johnsonand D. Shasha. Hierarchically
split cube forestsfor decisionsupport: de-
scriptionand tuneddesign,1996. Working
Paper.

[KS94] R. Kimball and K. Strehlo. What's wrong
with SQL. Datamation, June1994.

[MERS92] L. Meo-Evoli, F.L. Ricci, andA. Shoshani.
On thesemanticcompletenessof macro-data
operatorsfor statisticalaggregations.In Pro-
ceedingsof the Sixth International Work-
ing Conferenceon Scienti�c and Statistical
DatabaseManagement, 1992.

[Mic] Microstrategy Inc., Vienna, VA
22182. True Relational OLAP.
http://www.microstrategy.com.

[Mic92] Z. Michalewicz. Statistical and Scienti�c
Databases. Ellis Horwood,1992.

[OLA96] The OLAP Council. MD-API the OLAP
Application Program Interface Version 0.5
Speci�cation, September1996.

[Rad95] Neil Raden.Data,dataeverywhere.Informa-
tion Week, pages60–65,October301995.

[SDNR96] A. Shukla,P.M. Deshpande,J.F. Naughton,
and K. Ramasamy. Storageestimationfor
multidimensionalaggregatesin the presence
of hierarchies. In Proc. of the 22nd Int'l
Conferenceon Very Large Databases, pages

522–531,Mumbai(Bombay),India,Septem-
ber1996.

[SG90] T. SellisandS.Ghosh.Onthemultiple-query
optimizationproblem.IEEETransactionson
KnowledgeandDataEngineering, 2(2):262–
266,1990.

[Sho82] A. Shoshani.Statisticaldatabases:Character-
istics,problemsandsomesolutions. In Pro-
ceedingsof theEighth InternationalConfer-
enceonVeryLargeDatabases(VLDB), pages
208–213,Mexico City, Mexico, September
1982.

[SR96] B. Salzberg andA. Reuter. Indexing for ag-
gregation,1996.WorkingPaper.

[STL89] J. Srivastava,J.S.E.Tan,andV.Y. Lum. TB-
SAM: An accessmethodfor ef�cient pro-
cessingof statisticalqueries.IEEE Transac-
tions on Knowledgeand Data Engineering,
1(4),1989.

[TCG
�

93] A.U. Tansel,J. Clif ford, S. Gadia, S. Jajo-
dia, A. Segev, andR. Snodgrass.Temporal
Databases:Theory, Design,and Implemen-
tation. Benjamin/Cummings,1993.


