Modeling Multidimensional Databases

Rakesmgrawal

AshishGupt& SunitaSaravagi

IBM AlmadenResearciCenter
650Harry Road,SanJose CA 95120

Abstract

We proposea data modeland a few algebiaic oper
ations that provide semanticfoundationto multidimen-
sional databases.The distinguishirg feature of the pro-
posedmodelis the symmetrictreatmentnot only of all
dimensionsut also measues. The modelprovidessup-
port for multiple hierarchies along eadh dimensionand
supportfor adhocaggregates. The proposedopeiators
are composablereoderable, and closedin application.
Theseopeiators are also minimalin the sensethat none
can be expressedin terms of others nor can any one
be droppedwithout sacri cing functionality They make
possiblethe declamtive speci cation and optimization
of multidimensionadatabasequeriesthat are currently
speci edopeiationally. Theopelatorshavebeendesigned
to betranslatedo SQLand canbeimplemente@itheron
top of a relational databasesystemor within a special
purposemultidimensionbdatabaseengine In effect,they
provide an algebmic application programminginterface
(API) that allows the sepaation of the frontendfromthe
badend. Finally, the proposedmodelprovidesa frame-
work in which to study multidimensionaldatabasesand
opensse/eral new reseach problems.

1 Intr oduction

Codd[CCS93 coinedthe phraseOn-Line Analytical
ProcessindOLAP) to characterizehe requirementdor
summarizingconsolidatingyiewing, applyingformulae
to, and synthesizingdata accordingto multiple dimen-
sions. OLAP softwareenablesanalysts,managersand
executivesto gaininsightinto the performanceof anen-
terprisethroughfastaccesgo a wide variety of views of
dataorganizedto re ect the multidimensionalnatureof
the enterprisedata[Col95]. It hasbeensaidthat current
relationaldatabassystemsave beendesignedandtuned
for On-Line TransactionProcessingOLTP) and arein-
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adequatéor OLAP application§gCod93 [Fin95] [KS94].
In responseseveral multidimensionaldatabaseroducts
have appearean the market(see[Rad93 for a suney).

Thedatabaseesearcttcommunity however, hassofar
notplayeda majorrolein this marketphenomenonGray
et al. [GBLP96] recentlyproposedan extensionto SQL
with a Data Cubeoperatorthat generalizeshe groupby
constructto supportsomeof the multidimensionabnaly-
sis. Sincethen,techniquediave beendevelopedfor com-
puting the datacube[AAD *96], for decidingwhat sub-
setof a datacubeto pre-computdHRU96] [GHRU97],
for estimatingthe size of multidimensionalaggreates
[SDNR94, and for indexing pre-computedsummaries
[SR9G [JS9§. Theresearchn multidimensionaindex-
ing structuregsee for example,[Gut94 for anoverview)
is relevantaswell. Lastly, researchn statisticaldatabases
(see, for example, [Sho83 for an overview) also ad-
dressedomeof thesameconcerns.

This papempresenta frameavork for researctin multi-
dimensionabatabasesWe rst review conceptsandter
minologiesin voguein multidimensionaldatabaserod-
uctsin Section2. We alsopoint out someof the de cien-
ciesin the currentproducts.We thenproposén Section3
a datamodel to provide semanticbackingto the tech-
niguesusedby currentmultidimensionaldatabaserod-
ucts. Thesalientfeaturesof our modelare:

¢ Ourdatamodelis amultidimensionatubewith aset
of basicoperationsdesignedo unify the divergent
stylesin usetoday andto extend the currentfunc-
tionality.

e The proposedmodel provides symmetrictreatment
to notonly all dimensiongut alsoto measuresThe
modelalsois very exible in providing supportfor
multiple hierarchiesalong eachdimensionand sup-
portfor adhocaggreates.

e Eachof our operatorsare de ned on the cubeand
produceasoutputanew cube.Thustheoperatorare
closedandcanbefreely reorderedThisfreecompo-
sition allows a userto form larger queries,thereby
replacingthe relatively inef cient one-operation-at-



a-timeapproachof mary existing products. The al-
gebraicnatureof the cubealsoprovidesan opportu-
nity for optimizingmultidimensionatjueries.

e The proposedoperatorsare minimal. None canbe
expressedin terms of othersnor can ary one be
droppedwithout sacri cing functionality.

e Our modelingframevork providesthe logical sepa-
ration of thefrontendgraphicaluserinterface(GUI)
usedby a businessanalystfrom the backendstorage
systemusedby the corporation. The operatorghus
provide analgebraicapplicationprogrammingnter-
face (API) that allows the interchangeof frontends
andbackends.

We discussn Sectiord someof ourdesignchoicesand
shav how currently popular multidimensionaldatabase
operationganbeexpressedn termsof theproposemper
ators.Theseoperatorhave beendesignedo betranslated
into SQL, albeitwith someminorextensions We referthe
readerto [AGS96]for thesetranslations.Thus, our data
modelcanbeimplementedn eitherageneral-purposes-
lationalsystenor a specializedngine.We concludewith
asummaryin Section5.

2 Curr ent Stateof the Art

We bagin with a brief overview of the currentstateof
artin multidimensionatiatabases.

Example2.1 Considera databasehat containspoint of

saledataaboutthe salegriceof productsthedateof sale,
andthe supplierwho madethe sale. The sales valueis

functionally determinedoy the otherthreeattributes. In-

tuitively, eachof the otherthreeattributescan“vary” and
accordinglydeterminghesalesvalue.Figurel illustrates
this “multidimensional”view.

Date
mar4 [~ 15 10

Sales

feb37T 20 15 15 20

feb2 T 10 15
jan17 10 20 25
sl I : : —Product
s2 pl p2 p3 p4

Supplier

Figure 1. Example data cube

2.1 Terminology

Determiningattributeslike product, date, supplier
are referredto as dimensionswhile the determinedat-

tributeslike sales arereferredto as measues (Dimen-
sions are called cateyorical attributesand measuresare
called numericalor summaryattributesin the statistical
databasditerature[Sho83). Thereis no formal way of
decidingwhich attributesshouldbe madedimensionand
which attributesshouldbe mademeasuresilt is left asa
databaseéesigndecision.

Dimensionaisuallyhave associateavith themhierar-
chiesthatspecifyaggrgationlevelsandhencegranularity
of viewing data. Thus,day — month — quarter —
year is a hierarchyon date that speci es various ag-
gregationlevels. Similarly, product name — type —
category is ahierarchyonthe product dimension.

An analystmightwantto seeonly a subsebf thedata
andthus might view someattributesandwithin eachse-
lected attribute might restrict the valuesof interest. In
multidimensionaldatabaseparlance,the operationsare
calledpivoting (rotatethe cubeto shaw a particularface)
andslicing-dicing (selectsomesubsebf the cube). The
multidimensional/iew allows hierarchiesassociateavith
eachdimensionalso to be viewed in a logical manner
Aggregating the productdimensionfrom productname
to producttype is expressedasa roll-up operation. The
converseof roll-up is drill-down that displaysdetail in-
formationfor eachaggregatedpoint. Thus,drilling-down
the productdimensionfrom productcateyory to product
type getsthe salesfor eachproducttype correspondingo
eachproductcatgyory. Furtherdrill downwill getsaledor
individual products Drill-down is essentiabecaus®ften
usersvantto seeonly aggr@ateddata rst andselectvely
seemoredetaileddata.

Example2.2 We give belov somequeriesto provide a
avor of multidimensionabueries.Thesequeriesusethe
databasdrom Example2.1 and other necessanhierar
chieson productandtime dimensions.

e Givethe total salesfor eachproductin eachquarter
of 1995.(Notethatquarteris afunctionof date).

e For supplier“Ace” and for eachproduct, give the
fractionalincreasen the salesin Januaryl995rel-
ativeto thesalesn Januaryl994.

e For eachproductgive its marketsharen its cateory
todayminusits marketsharein its catgory in Octo-
ber1994.

e Selecttop 5 suppliersfor eachproductcateory for
lastyear basedntotal sales.

e For each product cateory, selecttotal salesthis
month of the productthat had highestsalesin that
category lastmonth.

e Selectsupplierghatcurrentlysellthe highestselling
productof lastmonth.

e Selectsuppliersfor which the total sale of every
productincreasedn eachof last5 years.



e Selectsuppliersfor which the total sale of every
productcateyory increasedn eachof last5 years.

O

2.2 Implementation Ar chitectures

Therearetwo mainapproachesurrentlyusedto build
multidimensionatatabasesOneapproactmaintainsthe
dataasa k-dimensionamatrix basedon a non-relational
specializedstoragestructure Thedatabaseesignespec-
i es all the aggrgationsthey consideruseful. While
building the storagestructure theseaggregationsassoci-
atedwith all possibleroll-upsareprecompute@ndstored.
Thus,roll-upsanddrill-downsareansweredn interactive
time. Mary productshave adoptedhis approach- for in-
stanceArbor Essbas¢Arb] andIRI ExpresdIRI].

Another approachusesa relational backendwherein
operationson the data cube are translatedto relational
gueries(posedin a possiblyenhancedlialectof SQL).
Indexes built on materializedviews are heavily usedin
suchsystemsThis approactalsomanifeststselfin mary
products- for instanceRedbrick[Eri95] andMicrostrat-

egy [Mic].

2.3 Additional Desired Functionality

We believe that multidimensionaldatabasesystems
mustprovide thefollowing additionalfunctionality, which
is eithermissingor poorly supportedn currentproducts:

e Symmetric treatment not only of all dimensions
but also of measures. Thatis, selectionsand ag-
gregationsshouldbe allowed on all dimensionsand
measuresFor example,considera querythat nds
the total salesfor eachproductfor rangesof sales
pricelike 0-999,1000-999%ndsoon. Herethesales
priceof aproductbesidedeingtreatecasameasure,
is alsothe groupingattribute. Suchqueriesthatre-
quirecatgorizingona“measure’arequitefrequent.
Non-uniformtreatmenbf dimensionsandmeasures
makessuch querieshard in currentproducts. The
proposedOLAP council API [OLA96] providesfor
all the measureso be put on one dimensionof the
cube. However, this proposaimaintainsa sharpdis-
tinction betweermeasuresinddimensionsanddoes
not solve the problemof beingableto cateyorizeon
ameasure.

e Support for multiple hierarchies along each di-
mension. For instance Example2.1 illustratesthe
type-catgory hierarchyon products(of interestto a
consumemanalyst). An alternatie hierarchyis one
basedon which compay manufactureshe product
and who owns that company, namely product —
manufacturer — parent company (Of interestto
a stockmarketanalyst).Roll-ups/drill-donnscanbe
on eitherof thehierarchies.

e Support for computing ad-hoc aggregates. That
is, aggr@atestherthanthoseoriginally prespeci ed
shouldbecomputableFor instancefor eachproduct
boththetotal salesandthe averagesalesareinterest-
ing numbers.

e Support for a query modd in place of one
operation-at-a-time computation modd. Cur
rently, a useroperateson a cubeonce and obtains
the resulting cube. Then the user makesthe next
operation. However, not all the intermediatecubes
areof interestto the user A setof basicoperators
thathave well de ned semanticenablethis compu-
tationto bereplacedy a querymodel. Thus,having
toolsto composeoperatorsallows complex multidi-
mensionafueriego bebuilt andexecutedasterthan
having the userspecifyeachstep. This approaclhis
alsomoredeclaratve andlessoperational.

2.4 RelatedReseach

Datamodelsdevelopedin the contet of temporal spa-
tial andstatisticadatabasealsoincorporatelimensional-
ity andhencehave similaritieswith our work.

In temporadatabasef CG* 93], rowsandcolumnsof
arelationaftableareviewedastwo dimensionsand‘time”
addsa third dimensionforming whatis calledthe “time
cube”. This cubeis differentfrom a cubein our model
wheredimensionscorrespondo arbitrary attributesand
all dimensionsretreateduniformly withoutattachingany
x edconnotatiorwith ary oneof them.

The modeling efforts in spatial databaseq§Gut94
mostly concentrateon representingarbitrary geometric
objects(points, lines, polygons, regions etc) in mul-
tidimensionalspace. By viewing OLAP dataas points
in the multidimensionalspaceof attributes, one could
drav analogiesbetweenthe two models. But the oper
ationscentralto spatialdatabaseg‘overlap”, “contain-
ment”, etc.) are quite differentfrom the commonOLAP
operationg“roll-up”, “drill-down”, “joins” etc). How-
ever, themulti-dimensionalndexing structuresleveloped
for spatialdatabaseeeGut94) maybeusefulin devel-
opingef cient implementationef OLAP databases.

Statisticaldatabaseslso addresssome of the same
concernsas OLAP databases.However, modelsin the
statisticaldatabasditerature[Mic92] [CL94] have been
primarily concernedvith extendingexisting datamodels
(mostly relational)for representingsummariesand sup-
portingoperationdor statisticaldataanalysis.In contrast,
our objective hasbeento develop a modeland a set of
basicoperationghat abstracthe analystsview of enter
prisedata. In statisticaldatabasegateory (dimensions)
and summariegmeasurespre treatedquite differently,
whereaswe have strived to treat dimensionsand mea-
suresuniformly. For instance [MERS92] describesan



S-algebrawith operationdike “S-union”, “S-selections”,
“S-aggregation” that aresimilar to someof the operators
that we de ne. However, sincewe treat measuresand
dimensionssymmetrically we have additionaloperators
thatareuniqueto our model. Irrespectve of thesediffer-
encesOLAP databasewill bene t from implementation
techniquegievelopedin statisticaldatabasegarticularly
relatedto aggregationviews (see[Sho83 [STL89]).

Concurrento ourwork, [GLS96]proposecdmodelfor
talular datathatembeddoth the relationalandthe mul-
tidimensionaldatamodel. Their modelalsoallows mea-
suresand dimensiondo be interchangedike our model.
However, their model doesnot statehow to handleag-
gregations, an operationthat is fundamentalto OLAP
databases.

3 DataModel

We now outline our proposedmultidimensionaldata
model and operationgthat capturethe functionality cur-
rently provided by multidimensionaldatabaseproducts
andthe additionaldesiredfunctionalitylisted abore. Our
designwasdrivenby thefollowing key considerations:

¢ Treatdimensionandmeasuresymmetrically

e Strivefor exibility (multiple hierarchiesadhocag-
gregates).

e Keepthenumberof operatorsmall.

e Stayascloseto relationalalgebraaspossible.Make
operatorgranslatabléo SQL.

In ourlogical model,datais organizedn oneor more
multidimensionaktubes.A cubehasthe following com-
ponents:

e k dimensionsandfor eachdimensiona nameD;, a

domaindom,; from which valuesaretaken.

e Elementgdde ned asamappingE(C) from dom; x
... x domy to eitheran n-tuple, O, or 1. Thus,
E(C)(d1, ..., ds) refersto theelementt “position”
dy, ..., ds of cubeC. Note, the d;s referto values
not positionsper se. Therefore our modeldoesnot
requirethedimensiongo have aranked discretedo-
main.

e An n-tuple of namesthat describeghe n-tuple ele-
mentof thecube.

The elementsof a cubecan be either0, 1, or an n-
tuple< X,,..., X, >. If the elementcorrespondingo
E(C)(d1, ..., ds) is O thenthat combinationof dimen-
sionvaluesdoesnot exist in the databaseA 1 indicates
the existenceof that particularcombination. Finally, an
n-tuple indicatesthat additionalinformationis available
for that combinationof dimensionvalues. If ary of the
elementsof a cubeis a 1 thennoneof the elementscan
bean-tupleandvice-versa.We represenbnly thoseval-
uesalonga dimensiornof a cubefor which at leastoneof

the elementf the cubeis not 0. If all the elementsf a
cubeare0 thenthecubeis empty Additionally, if domain
dom,; of dimensionD; hasno valuesthentoo the cubeis
consideredo beempty
In ourmodel,nodistinctionis madebetweermeasures

anddimensions.Thus,in Example2.1, salesis just an-
otherdimension Notethatthisis alogicalmodelanddoes
notforceary storaganechanismThus,acubein ourdata
modelmay have morelogical dimensionghanthe num-
ber of dimensionausedto physically storethe cubein a
multidimensionabtoragesystem.

3.1 Operators

We now discussour multidimensionabperators. We
illustratethe operatoraisinga 2-D subsebf the cubein-
troducedn Example2.1. We omit thesupplierdimension
anddisplayin Figure2 only the product date andsales
dimensions.Note, salesis not a measureut anotherdi-
mensionalbeitonly logical, in the model.

Date
mar 4T
feb 37T
feb 2 <+

jan 17

2 10 pl p2 p3 ps Product

Sales

Figure 2. Logical cube wherein salesis a di-
mension (omitting the 1/0's)

To operateon the logical cube, the salesdimension
may have to be folded into the cubesuchthat salesval-
uesseendeterminedy the productanddatedimensions.
We describdater how this is achieved. For now, we will
use the cube with salesvaluesas the sole memberof
the elementsof the cube. Thus, the value < 15 > for
“date = mar 4" and“product = pl” in Figure 3 in-
dicatesthat in the logical cubeof Figure 2 the element
correspondindo “date = mar 4", “product = pl”, and
“sales = 15”7 is"1”. We shav themetadatalescriptiorof
theelementsasanannotatiorin thecube.Thus,<sales>
in Figure 3 indicatesthat eachelementin the cubeis a
salesvalue.

Notation We de ne the operatorausinga cubeC with
k dimensionsWe referto thedimensionsasDy, . . ., Dy.
We useD; to referalsoto thedomainof dimensionD; if
the context makesthe usageclear; otherwisewe refer to
the domainof dimensionD; asdom;(C). We uselower



Date

{ Date <Sales,Product>
mar 4 <15 <10 <Sales> mar 4 T <15,p1> <10,p3>
4 <15,p2>
feb3 T<20> <15> <15> <20> product feb3 1 50, p1> <15,p3> <2ps>
feb2 T <10> <15> feb2 T <10,p2> <15p3>
jan1 T<10> <20> <25> jan1l 7 <10,p1> <20,p3> <25p4>
| | | | | I | I
' ' ' " Product ' ' ' '
pL p2 p3 pl p2 p3 p4
Product
Figure 3. The push operation on dimension product
Pull 1st member Sales
of each element
as the new
dimensionﬁales" 20 <d3>
10 <d1> <d4>
<10,d1> <20,d3> <10,d4>
| | | _Product | | |
3
pl p2 p3 PL P2 P2 product

Figure 4. Pull r st member of each element as dimension sales

casdetterslike a, b, c to referto constants.

Dimensionvaluesin our datamodelfunctionally de-
termineelementsf the cube. As aresultof anapplica-
tion of anoperationmorethanoneelementvaluemaybe
mappedo thesameelemen((i.e. thesamecombinatiorof
valuesof dimensiorattributes)of theanswercube.These
elementvaluesare combinedinto one valueto maintain
functionaldependenchby specifyingwhatwe call anele-
mentcombiningfunction denoteds fe;em, -

We also sometimemege valuesalong a dimension.
We call functionsusedfor this purposedimensiormeg-
ing functions denoteds frerge -

Push

The pushoperation(seeFigure 3) is usedto corvert di-
mensiondnto elementghat canthenbe manipulatedus-
ing function fee,, . This operatoris neededo allow di-
mensionandmeasureto betreateduniformly.

Input: C, D;.

Output: C with eachnon-0elementextendedby an ad-

concatenateg and< d; >.

Pull

Thisoperatioris theconverseof thepushoperator Pull
createsa newv dimensionfor a speci ed memberof the
elementsTheoperatois usefulto corvertanelemeninto
a dimensionso that the elementcanbe usedfor meging
or joining. This operatortoo is neededor the symmetric
treatmenbf dimensiongindmeasures.

Input: C, new dimensionameD, integers.

Output: C, with an additionaldimensionD thatis ob-
tainedby pulling out the it* elementof eachelementof
thematrix.

Constraint:all non-Oelementof C aren-tuplesbecause
eachnon-0 elementneedat leastone memberto enable
the creationof anew dimension.

Mathematicallypull(C, D,7) = C,, 1 < i< n.
D becomeshek + 1°t dimensiorof thecube.

th

domy11(C,) = {e|e is t** member of some

ditional membey the value of dimensionD; for thatele- E(C)(dy, ..., dg)}.

ment. E(Co)(d1,...,dr,€) =< e€1,...,€_1,€i41,...,6n >
Mathematically;pusi{C, D;) = C,. if E(C)(d1,...,dr) =< e1,...,€,...,en >,
E(C)(d1,...,dg) = g @& d; where g = E(C,.)(dy,...,dk, e) =0, otherwise.
E(C)(d1,...,dx). The operator® is de ned to be Note,if n = 1 thenelementf C, are’1'sor'0's.

0if g =0,itis< d; > if g = 1, andin all othercasest
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feb2 T <10> <15>
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Date

<Sales>
mar4 | <15> <10>

feb 3 T <20> <15>
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-
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Figure 5. The restriction operation

Destroy Dimension

Oftenthedimensionalityof acubeneeddo bereduced.
This operatorremaoves a dimensionD that hasin its do-
main a singlevalue. The presencef a singlevalueim-
pliesthatfor theremainingk — 1 dimensionsthereis a
uniquek — 1 dimensionatube. Thus,if dimensionD is
eliminatedthenthe resultingk — 1 dimensionakpaceis
occupiedoy thisuniquecube.

Input: C, dimensiomameD;.
Output:C, with dimensionD; absent.
Constraint:D; hasonly onevalue,sayv

MathematicallydestroyC, D;) = C,.
C, hask — 1 dimensionsD; ... D;_1,D;yq, ..
E(Cy)(d1...di—1,diy1,...,dx) = E(C)(dy, ..

'1Dk|
L di).

A dimensionthat has multiple values cannot be di-
rectly destroyedbecauseéhen elementsavould no longer
be functionally determinedby dimensionvalues. A
multi-valueddimensionis destroyedby rst applyinga
meige operation(describedater) and then applying the
above operation. Note that, if £ = 1 we will geta zero
dimensionalcubeor a scalaras a result of the destroy
operation.

Restriction

Therestrictoperatooperate®n adimensiorof acube
andremovesthe cubevaluesof the dimensionthatdo not
satisfy a statedcondition. Figure5 illustratesan appli-
cationof restriction. Note thatthis operatorrealizesslic-
ing/dicing of a cubein multidimensionabdatabaseermi-
nology:.

Input: CubeC andpredicateP de nedon D;.

Output:New cubeC, obtainedoy removing from C those
valuesof dimensionD; thatdonotsatisfythepredicateP.
We have amoregenerahotionof predicateP thatcanbe

evaluatedon a setof valuesandnot onjustasinglevalue.
Thus, P canbe eitherof the form “greaterthan5” that
is evaluatedon single valuesat-a-timeor be of the form
“top 5 values”thatis evaluatedon the entiredomain D;
andoutputsa setof values.If noelemenbf dimensionD;
satis es P thenC, is anemptycube.

MathematicallyrestrictC, D;, P) = C,.

dom;(Cy) = dom;(C)If 1< j<k&j#1
= P(dom;(C)), otherwise.

E(Cy)(d1,...,dr) = E(C)(d1,...,dg).

Join

Thejoin operationis usedto relateinformationin two
cubes.Theresultof joining am-dimensionatubeC with
ann-dimensionatubeC1 on & dimensionsgalledjoin-
ing dimensionsis cubeC, with m 4+ n — k dimensions.
Eachjoining dimensionD; of C combineswith exactly
onedimensionD,, of C'1 to getresultingdimensionD;
of C,asfollows: For eachjoineddimensiontwo mapping
functionsareusedfor mappingthe correspondingpining
dimensionof C andC1 to theresultingdimensiomof C,.
Theelementof C, arethenformedvia afunction fe;e,,
thatcombinesall elementsf C andC1 thatgetmapped
to the sameelementof C, .

Figure 6 illustratescube C joining with cubeC1 on
dimensionD; (mappingfunctionis identity). Dimension
D, of theresultingcubehasonly two values. The func-
tion feen dividesthe elementvaluefrom cubeC by the
elementvalue from C1; if eitherelementis O thenthe
resultingelementis also0. Valuesof resultdimension
thathave only 0 elementgorrespondingo themareelim-
inatedfrom C, (like valuesO and3 for dimensionD,).

Input: C with dimensionsD; ...D,, and C1 with
dimensions Dy, g y1...Dp.  Dp_gy1,...,Dy are
the join dimensions (without loss of generality).
k mapping functions, fm—_x+1,...,fm dened over
dimensions D,,—x41,...,Dm of C and k map-
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Figure 6. Joining two cubes

ping function f; _. .1, .-, f;, de ned over dimensions
Dy,_g41, ..., Dy of C1. Mapping f; appliedto value
v € dom;(C) producesvaluesfor dimensionD; in C,.
Similarly f/ appliedto ' € dom;(C1) producesralues
for dimensionD; in C,. Also neededs afunction fe;e,,
that combinessetsof elementfrom C andC'1 to output
elementof C, .

Output: C, with n dimensions,D;...D,. Multi-

ple elementsin C and C1 could get mappedto the
sameelementin C,. All elementsof C and C1 that
get mappedto the samepoint in C, are combinedby
function f..., to producethe output elementof C,.

If for somevalue v of dimension D;, the elements
E(Cy)(z1,...,v,Zi41,-..,2n) is O for all valuesof the
otherdimensionsthenw is notincludedin dimensionD;

of C,.

Mathematically:
join(C,CL, [frm—t+1, - - -
= Cd
dom;(Cy) = dom;(C)if 1 <i<m—k.
=dom;(Cl)ifm+1<i<n.
= {d*|d* € f;(d),d € dom;(C) OR
d® € fi(d"),d € dom;(C1)}.

) frln]x felem)

!
)fmx m—k+11

E(Co)(d1, ..., d% 4, ., d23, ... dn) = faem({t1}, {£2})
suchthat
t1=E(C)(d1,...,dm—k, -, dm),
2=E(C)(d,_ 1, - & dms1, ..., dn),

di € fi(d;) ORd{ € fi(d})

We de ned abore agenerahotionof thejoin operatothat
coversseveralimportantspecialcases.Notableamongst
theseare:cartesian product, natural join, union, merge

andassociate. In the caseof cartesian product, thetwo
cubeshave no commonjoining dimension. In the case
of natural join the mappingfunctionis identity andthe
feiem functionreturns“0” wheneer oneof the elements
is'0”. Thesub-casesnionandmegearediscussedater.
Associate is an especiallyuseful sub casein OLAP
applicationdor computationdike “expresseachmonth’s
saleas a percentagef the quarterlysale’ Associateis
asymmetricand requiresthat eachdimensionof C1 be
joined with somedimensionof C. Figure7 illustrates
associatingcube C1 with C wheremonthdimensionof
C'1 anddatedimensionof C arejoinedby mappingthem
to the date dimensionof C,. Similarly, catggory and
product are joined by mappingthemto product of C,.
For dimensionmonth eachmonthis mappedto all the
datesin that month. For dimensioncategory, valuecat1
is mappedo productspl andp2, andcat2 is mappedo
p3 andp4. For dimensionglateand productthe identity
mappingis used. Function f..., dividesthe element
value from cube C by the elementvalue from C1; if
eitherelementis 0 then the resultingelementis also 0.
Note, value mar4 is eliminatedfrom C, becausall its
correspondinglementsare0.

Merge

The mege operationis an aggr@ationoperation. We
illustrateit in Figure8. The gure shavs how hierarchies
in amultidimensionatatabasareimplementedisingthe
meige operator Intuitively, a dimensiormeging function
is usedto mapmultiple productnamesinto one or more
catgjories and anotherfunction is usedto map individ-
ual datesinto their correspondingnonth. Thus,multiple
elementon eachdimensionaremeigedto producea di-
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C1
jan <10>  <45> Date <Fraction
| Category of total>
T T Lt <1/3> <0.4>
catl cat2 feb 37T <4/0> <0.3>
< R map month to
s P each daeinthat g, <219> <03>
pl  p2 P33 pa
emgi%cpifgfg Lo a1t < <4/9>  <5/9>
that category | | | .
Date 1 1 T ™
N —> pl  p2 p3  pa
mar 4 | <15> <10> felem divides the element Product
from C by the element from
C1 if both exist. Else it
feb 31 <20> <15> <15> <20> returns 0
<Sales>
feb2 + <10> <15>
jan 1+ <10> <20> <25>
} " I |y
pl p2 p3 p4 Product
Figure 7. Associating two cubes
Date
<Sales> fmergel
{p1,p2} in catl Month
mar 4 T <15> <10> {p3,p4} in cat2
<Total Sales>
feb3T <20> <15> <15> <20> ¢ mar "7<15> - <10>
date by month
. feb T <45> <50>
feb2 T <10> <15> felem : SUM
jan T <10> <45>
jan 17 <10> <20> <25> ‘
} ! ! !
' ! ' catl cat2
p1  p2  p3 p4  Product Category

Figure 8. Merging dimensions dateand productusing feiem = sum

mensionwith a possiblysmallerdomain. As a resultof

meging eachdimensionmultiple elementsn theoriginal

cubegetmappedo thesameelemenin thenew cube.An

elementcombiningfunctionis usedto specifyhow these
multiple elementareaggregatedinto one.In theexample
in Figure8, theaggregationfunction fe;e,, is sum.

In generalthe dimensionmeging functionmightbea
one-to-mag mappingthat takesan elementin the lower
level into multiple elementsn the higherlevel of hierar
chies. For instance,al — n mappingcan be usedto
meige a productbelongingto n cateoriesto handlemul-
tiple hierarchies.

Input: C, function f,;.., for meging elementsandm (di-
mension function) pairs. Without lossof generality as-

sumethatthem pairsare[D1, f1], ..., [Dm, o)

Output: CubeC, of samedimensionalityasC. Dimen-
sion D; is meged as per function f,. An elementcor
respondingo the meiged elementss aggr@atedas per

felem-

Mathematically:
mege(cjx {[‘Dlx fl]: AR [Dm: fm]}l felem):Ca-
dom;(C,) = {f;(e)le € dom;(C)}if 1 <i<m,
= dom;(C), otherwise.
E(Ca)(dy, ..., dr) = feem({t|t = E(C)(d], ..., dy)
wherefor f;(d}) = d; if 1 <i < melsed, = d;}).

A specialcaseof the mege operatoris whenall the



meging functionsareidentity. In this casethemeige op-
eratorcanbe usedto apply a function f.;.,, to eachele-
mentof a cube.

Remark The mege operatoris strictly not part of our
basicset of operators. It can be expressedas a special
caseof the self-join of a cubeusing fy,erge transforma-
tion functionson dimensionsheing meged and identity
transformatiorfunctionsfor otherdimensions We chose
to separatelyde ne mege becausét is a unaryoperator
unlike thebinaryjoin andalsofor performanceeasons.

4 Discussion

The readermay have noticedsimilaritiesin the oper
atorsproposedand relationalalgebra[Cod7(Q. It is by
design.Oneof our goalswasto explorehow muchof the
functionality of currentmultidimensionaproductscanbe
abstractedn termsof relationalalgebra. By developing
operatorghat can be translatednto SQL (see[AGS94
for translations)our hopewasto createa fast path for
providing OLAP capability on top of relationaldatabase
systems.We musthastento addthat we are not arguing
againsspecializedLAP engines—w#delieve thedesign
and prototypingof suchenginess a fruitful researctdi-
rection. We arealso not suggestinghat simply translat-
ing theseoperatorsnto SQL would be sufcient for pro-
viding OLAP capabilitiesin relationaldatabaseystems.
However, it doespointto directionsin which optimization
techniquesand storagestructuresin relational database
systemseedto evolve.

Thegoalof treatingdimensiongndmeasuresymmet-
rically had a permeatingin uence in our design. It is
a functionality either not presentor poorly supportedn
currentmultidimensionabdatabaseroducts. Its absence
causegxpensve schemaedesignwhenanunanticipated
needarisedor aggr@ationalonganattributethatwasini-
tially thoughtto be a measureln hindsight,the pushand
pull operationanay appeartrivial. However, their intro-
ductionwasthekey thatmadethe symmetricreatmenbf
dimension@andmeasurepossible.

Thereademay amguewith theway we have choserto
incorporateorderbasednformationinto our algebra.We
rely on functionsfor this purposewhich impliesthatthe
systemmay not be ableto usethis informationin opti-
mizing queries We debatedboutallowing a native order
to be speci ed with eachdimensionandproviding order
ing operators.We decidedagainstit becausef the large
numberof suchoperatorandbecaus¢he semanticgets
quite complex whenthereare multiple hierarchiesalong
adimension.In a practicalimplementatiorof our model,
it will beworthwhileto allow a defaultorderto be speci-
ed with eachdimensiorandmakesystemawareof some
built-in orderingfunctionssuchas“rst n”. The same
holdsfor providing theknowledgeof somebuilt-in aggre-

gatefunctions.

The reader may also notice the absenceof direct
analogsof relationalprojection,union, intersection,and
difference.Theseoperationganbe expressedn termsof
our proposedperatorsasfollows:

Projection The projection of a cubeis computedby
meging eachdimensiomotincludedin theprojectionand
thendestroyinghe dimension.A f..,, functionspecify-
ing how multiple elementsarecombineds neededaspart
of thespeci cationof the projection.

Union Two cubesareunion-compatibleéf (i) they have
the samenumberof dimensionsand(ii) for eachdimen-
sionD; in C, dimensionD; in C1 is of thesamedomain
type. Union is computedby joining the two cubesusing
the identity transformatiorfunctionsfor eachdimension
of eachcubeandby choosinga function f.;.., thatpro-
ducesanon-emptyelementor element in C, wheneer
anelementrom eitherof thetwo cubess mappednto e.
DimensionD; in theresultingcubehasasits valuesthe
unionof thevaluesin dom;(C) andin dom;(C1).
Intersect The intersection of two union-compatible
cubesis computedoy joining the cubesthroughtheiden-
tity mappingthateffectively retainsonly thosedimension
valuegthatarepresentn bothcubes.Thus,function fe;e,,
makeson-0anelemenfor pointp in C, onlyif elements
from bothcubesaremappednto p.

Difference The difference of two union-compatible
cubesC1 and C2 is expressedas an intersectionof
C'1 and C2 followed by a union of the resultwith C1.
The feem function for combiningtwo elementsfor the
intersectionstepsdiscardsthe value of the elementfor
C1 andretainsC2's element. The f..n function for
combining two elementsfor the union step saves the
value of C1's elementif the two elementsare different
andmakesgheresult0 if they areidenticaf.

4.1 ExpressivePower

Ouralgebrecanbeseeno beatleastaspowerful asre-
lationalalgebrgdCod7Q. A precisecircumscriptiorof the
expressie power of the proposeddatamodelis an open
problem. A relatedinterestingopenquestionpertainsto
de ning aformal notionof completenes&r multidimen-
sionaldatabaseueriesandevaluatinghow completeour
algebrais with respecto thatmetric. We takean empiri-
calapproaclanddiscusdelon how thecurrenthigh-level
multidimensionaloperationscan be built usingour pro-
posedoperators.

1This implementationcorrespondso the following semanticsfor
Cl — C2: E(Ca)(dy,...,dr) equalsO if E(C2)(dy,...,d) =
E(C1)(dy,...,dg); it is E(C1)(dy,...,d;) otherwise. Another
alternatve semanticscould be that E(Ca)(ds, ...,dx) equalsO if
E(C2)(dy,...,dg) # 0,andE(C1)(d, ..., dy) otherwise.This se-
manticscanbe implementecby a small changein the f.;.,» function
usedin theunionstep.



Roll-up Roll-upis amegeoperationthatneedsonedi-
mensionmeging function and one elementcombining
function. If ahierarchyis speci ed on a dimensionthen
the dimensionmemging functionis de ned implicitly by
the hierarchy The elementscorrespondingo meged
valueson the dimensionare combinedusing the user
speci edelementombiningfunctionlike SUM
Drill-down This operatoris actually a binary opera-
tion eventhoughmostcurrentmultidimensionalatabase
productsmakeit seemlike a unaryoperation. Consider
computingthe sum X of 10 values. Drill-down from X
to the underlying10 valuesis possiblein in nite ways.
Thus,theunderlying10valueshave to beknown. Thatis,
the aggr@atecubehasto be joined (actuallyassociated)
with the cubethat hasdetailedinformation. Continuing
with ouranalogyto drill down from X to its constituents
thedatabaséasto keeptrackof how X wasobtainedand
thenassociateX with thesevalues.Thus,if usersmeige
cubesalongstoredpathsandthereare uniquepathdown
themegingtree,thendrill downis uniquelyspeci ed. By
storinghierarchyinformationandby restrictingsingleel-
ementmenging functionsto beusedalongeachhierarchy
drill-down can be provided as a high-level operationon
top of associate.

Star Join In astarjoin [Eri95], alarge detail “mother”
tableM is joinedwith severalsmall“daughter’tablesthat
describgoin keys in the mothertable. A starjoin denor
malizesthe mothertable by joining it with its daughter
tablesafterapplyingselectionconditionsto their descrip-
tive attributes. We describehow our operatorsapturea
starjoin when M hasonedaughtetable F; thatdescribes
thejoin key eld D of M. Table F; canbeviewedasa
one-dimensionatube,C; with thejoin key eld D asthe
dimensionandall the description elds pulledin asele-
ments. A restrictionon a descriptionattribute A of table
F; correspondso a function applicationto the elements
of C;. Restrictionson the join key attribute translateto
restrictionson dimensionD of C;. Thejoin betweenM
and F; is achieved by associatinghe mothercubewith
thedaughtercubeonthekey dimensionD usingtheiden-
tity mappingfunction. The descriptionof eachkey value
is pulledin from the daughtercubeinto the mothercube
viathe f..,, function.

Expressing a dimension as a function of other dimen-
sions This functionality is basicin spreadsheets. We
cancreatea new dimensionD expressedasa function, f
of anothedimensionD’ by rst pushingD’ into thecube
elementsthenmaodifying the cubeelementdy applying
function f and nally pulling outthecorrespondingnem-
berof thecubeelementasa new dimensionD.

4.2 Examplequeries

This sectionillustrateshow to expresssomeof the
gueriesof Example2.2 usingour operators.Assumewe

have a cubeC with dimensiongproduct,month,supplier
andelementales.

For supplier“Ace” andfor eat product, give the frac-
tional increasein thesalesin January1995relativeto the
salesin January1994.

Restrict supplierto “Ace” anddatesto “January1994
or Januaryl995”. Merge datedimensionusingan fe;em
thatcombinessalesas(B — A)/A whereA is thesalein
Jan1994andB is thesalein Jan1995.

For eath productgiveits marketshae in its category this
monthminusits marketshae in its category in October
1994.

Restrict dateto “October 1994 or current month”.
Merge supplierto a single point using sumof salesas
the feem functionto getC1. Merge productdimension
to catgory usingsumasthe f..., functionto getin C2
thetotal salefor thetwo monthsof interest. Associate C'1
andC2, mappinga categjory in C2 to eachof its products
in C1. Theidentitymappings usedfor theMonthdimen-
sion. Functionf;.., dividestheelementfrom C1 by the
elementfrom C2 to getthe marketshare.For the result-
ing cube,M er ge dimensiormonthto a singlepoint using
a feiem function(A — B) whereA is themarketsharefor
“this” monthandB is themarketsharein October1994.

For ead product category, selecttotal salesthis month
of the productthat had highestsalesin that category last
month.

Restrict dimensionmonthto “last” month. Merge
supplierto a singlepoint usingsumof salesasthe feem
function. Push productdimensionresultingin 2-tupleel-
ementswvith < Saleandproduct>-. M erge productto cate-
gory using fe.n, functionthatretainsanelementf it has
the “maximum” sales.Pull productinto the cateory di-
mension(overriding the catgory dimension this canbe
easilydoneusingour basicoperators).Let the resulting
cubebeC1. Thiscubehasthehighestsalesvaluefor each
elementfor “last” month. Restrict C on dimensiondate
to “this” month, Merge supplierto a single point using
sumof salesasthe f.;.., functionandassociate it with
C1 on the productdimensionusing fe;.., function that
only outputsthe elementof C whenit is the sameasthe
correspondinglementsgrom C'1 (otherwisereturns).

Selectsuppliersfor which the total sale of every product
increasedn ead of last5 years.

Restrict to monthsof last 6 years. Merge monthto
year Mergeyearsto asinglepointusinga fe;. function
thatmapsthe six salesvaluesto “1” if salesvaluesarein-
creasing,'0” otherwise.Merge productto a pointwhere
fetem functionis “1” if andonly if all its amumentsare
“1.



5 Conclusionsand Futur e Work

This paperintroduceda datamodel and a set of al-
gebraicoperationghat unify and extend the functional-
ity provided by currentmultidimensionadatabaserod-
ucts. As illustratedin Sectiond.1,the proposecperators
can be composedo build OLAP operatordike roll-up,
drill-down, starjoin and mary others. In addition, the
model provides symmetrictreatmentto dimensionsand
measures.The modelalso provides supportfor multiple
hierarchiesalongeachdimensionand supportfor adhoc
aggregates.Absenceof thesefeaturesn currentproducts
resultsin expensve schemaredesignwhen an unantici-
patedneedarisesfor a nenv aggreation or aggreation
alongan attribute that wasinitially thoughtto be a mea-
sure.

The proposedperatorhave several desirableproper
ties. They have well-de ned semanticsThey areminimal
in the senseghatnonecanbe expressedn termsof others
nor canary onebedroppedwithout sacri cing function-
ality. Every operatoris de ned on cubesandproducesas
outputacube.Thatis, the operatorareclosedandcanbe
freelycompose@ndreorderedThisallowstheinef cient
one-operation-at-a-timgpproactcurrentlyin vogueto be
replacedby a query model and makesmultidimensional
gueriesamenabléo optimization.

The proposedoperatorsenablethe logical separation
of thefrontenduserinterfacefrom thebackendhatstores
and executesqueries. They thus provide an algebraic
API that allows the interchangeof frontendsand back-
ends. The operatorsare designedto be translatedinto
SQL.Thus,they canbeimplementedneitherarelational
systemor aspecializecengine.

For future,onthe modelingside,work is neededo in-
corporateduplicatesandNULL valuesin our model. We
believe that the duplicatescanbe handledby treatingel-
ementsof the cubeas pairs consistingof an arity anda
tupleof values.Thearity givesthenumberof occurrences
of the correspondingombinationof dimensionalalues.
NULLs canberepresentedly allowing for aNULL value
for eachdimension.Detailsof theseextensionsandother
possiblealternatvesrequirefurtherinvestigation.

On the implementationside, there are interestingre-
searchproblemsfor implementingour modelon top of a
relationalsystemaswell aswithin a specializedengine.
Althougheachof the proposedperatorganbetranslated
into a SQL query simply executingthistranslated&QL on
arelationalengineis likely to be quiteinef cient. Corre-
spondingto a multidimensionalquery composedf sev-
eral of theseoperatorswe will geta sequencef SQL
gueriesthat offers opportunityfor multi-query optimiza-
tion. It needdo beinvestigatedvhetherthe known tech-
nigues(e.g. [SG9Q) will sufce or do we needto de-
velop new techniques.Similarly, thereis opportunityfor

researchn storageandaccesstructureandmaterialized
views.
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