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Abstract
Several spatio-temporal data collected in many applications, such as fMRI data in medical applications, can
be represented as a Multivariate Time Series (MTS) matrix
with m rows (capturing the spatial features) and n columns
(capturing the temporal observations). Any data mining
task such as clustering or classification on MTS datasets
are usually hindered by the large size (i.e., dimensions) of
these MTS items. In order to reduce the dimensions without
losing the useful discriminative features of the dataset, feature selection techniques are usually preferred by domain
experts since the relation of the selected subset of features
to the originally acquired features is maintained. In this paper, we propose a new feature selection technique for MTS
datasets where their spatial features (i.e., number of rows)
are much larger than their temporal observations (i.e., number of columns), or m  n. Our approach is based on
Principal Component Analysis, Recursive Feature Elimination and Support Vector Machines. Our empirical results
on real-world datasets show that our technique significantly
outperforms the closest competitor technique.

1

Introduction

Feature subset selection (FSS) is a pre-processing technique to identify a subset of original input features (or variables) from a given dataset by removing irrelevant and/or
redundant ones [1]. Feature extraction (FE) is, however, to
derive new features by linearly/non-linearly mapping the
original input features into more effective ones. Both FSS
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and FE aim at providing better features of less numbers to
improve the computational cost and the generalization performance of subsequent predictors (e.g., classifier). As contrary to FE that still requires all the original input features to
be measured and stored for the mapping, FSS is more costeffective in that only the selected features can be acquired
after the identification, discarding all the other features for
good [2].
Multivariate time series (MTS) is a series of observations, xi (t); [i = 2, · · · , m; t = 1, · · · , n], made sequentially through time where i indexes the variables measured
at each time point t. A natural representation of a single
MTS is therefore an m×n matrix and a set of such data matrices with a fixed m but a variable n is the type of dataset
in which we are interested. Note that MTS nicely represents spatio-temporal data since the observed variables (the
m rows of the matrix) are in general acquired from sensors spread over a particular region and their values (the n
columns of the matrix) are measured through definite time.
MTS is in general extremely high dimensional data. For
example, in the EEG dataset [4] where 39 electrodes measured brain signals at 256Hz sampling rate during a 5second imaginary task, each MTS becomes a matrix of 39
× 1280 dimensions, equivalently to a 49,920 dimensional
vector. In this paper, we propose a feature subset selection
method for MTS datasets to reduce their dimensions. In
addition to the aforementioned advantage of FSS over FE,
selecting relevant original variables helps to make insightful interpretation and easier verification in the context of the
original application domain. For example, in the EEG data,
the selected original features (i.e., electrodes or channels)
can be exploited to localize the neural correlates, which are
not known in such detail in the neuroscience literature [4]
Recursive feature elimination (RFE) embedding support
vector machine (SVM) classifiers (SVM-RFE) [2] have become a popular feature subset selection technique for many
datasets including MTS [4][2][6][11]. SVM-RFE starts

with all the features and repeatedly removes a feature at a
time based on a ranking criterion until the required number of features are left. In order to utilize SVM-RFE on
MTS dataset, each MTS data matrix in the set must be first
transformed into one row or column vector while retaining
the correspondence to the original features - we called this
process vectorization [11]. In [4], each row of 39 channel
EEG data was encoded by an autoregressive (AR) model
of order 3, resulting in a 117 dimensional vector. In our
own previous work named Corona [11], we vectorized each
MTS using its sample correlation matrix in order to explicitly incorporate the correlation information among the original features, which was presumably unconsidered in the
former method. Empirical evidence shows that using the
correlation matrix is a simple yet very effective vectorization method and the performance of subsequent classification is strongly affected by not only the selected features
but also the vetorization itself, i.e., how each MTS data is
encoded as an input to the SVM classifier. In practice, vectorization using the sample correlation matrix is however
limited by the number of features m and unfeasible for the
MTS dataset where m is over several hundreds and thousands due to its quadratic complexity to m. For example,
the fMRI dataset [5] in which about 5000 voxels are measured every 0.5 second during an 8-second cognitive task
requires approximately 200MB memory just to load a single 5000 × 5000 correlation matrix. Even in the case where
the space complexity is not an issue, the resulting sample
correlation matrix is an unstable estimate because the number of features m (≈ 5000) is much larger than the number
of observations n (≈ 16), which is well known as the undersampled problem [1].
In this paper, we propose another extension of SVMRFE for MTS, named RFE-Loft (Recursive Feature
Elimination using Principal Component Loadings as
Features), which exploits an alternate vectorization method
suited for the MTS data with extremely larger number of
spatial features as compared to the number of temporal observations (i.e., m  n). Interestingly, the maximum benefit of feature subset selection can be gained from this type
of MTS datasets (e.g., fMRI data) with an extremely high
spatial resolution. In addition, we incorporate a new feature
ranking criterion in the RFE procedure. While the ranking
criterion used by SVM-RFE is determined by a single SVM
classifier trained over all the training data samples, the proposed score criterion is based on multiple SVM classifiers
obtained from a cross-validation procedure in order to make
the feature ranking (and thus selection) generalized even for
the unseen data samples.
The remainder of this paper is organized as follows. Section 2 discusses the background. Our proposed method is
described in Section 3, followed by the experiments and results in Section 4. Conclusions are presented in Section 5.
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2

Background

RFE-Loft utilizes the principal components for the vectorization and SVM-RFE with a new ranking criterion for
the feature subset selection of MTS datasets, which are
briefly described in this section.

2.1

Principal Component Analysis

Principal Component Analysis (PCA) is a process to
identify the directions called principal components (PCs)
subject to being uncorrelated with each other, which best
accounts for the variability of the underlying data in nonincreasing order. Geometrically, a principal component is
a linear combination of original variables. Let the origi. . . , xm , then a princinal variables be denoted by x1 , x2 ,
m
pal component takes the form u = i li xi , where li (i =
1, 2, . . . , m) are often referred to as the principal component loadings and can be interpreted as the contributions or
weights of original features loaded on determining the principal directions.
In practice, PCA is performed by applying Singular
Value Decomposition (SVD) to either a covariance matrix
or a correlation matrix of an input data matrix. Let A be a
mean-centered MTS data of m × n dimensions and AAT be
roughly its m × m sample covariance matrix. Then, SVD
decomposes the real, symmetric matrix AAT as follows:
AAT = U ΛU T

(1)

where the columns of orthonormal matrix U are the m number of principal components and a diagonal matrix Λ has the
corresponding variances along the diagonal. Equivalently,
the principal components and the corresponding variances
of A are the eigenvectors and the eigenvalues of AAT , respectively, since AAT U = U Λ is satisfied [1]. Computing
the principal components by SVD on the sample covariance
matrix will scale roughly as O(nm2 + m3 ) [3]. Therefore,
when the number of features m is large, the computation
is not manageable. In the case where m  n, the principal components can be computed instead from the SVD on
AT A of n × n dimensions as follows [7]:
AT A = V SV T

(2)

Post-multiply both sides by V , followed by pre-multiplying
both sides by A,
AT AV = V S ⇒ AAT AV = AV S

(3)

from which we can see that AV and S are the eigenvectors
and the eigenvalues of AAT , hence the principal components and the corresponding variances of A, respectively.
Therefore, the principal components of A, i.e., U in Equation 1, can be finally obtained by U = AV , where V are the

eigenvectors of AT A as in Equation 2. Note that the number of principal components solved by this computation is
thus at most n (n  m) while it is m by the regular PCA
computation in Equation 1. However, the rest m − n principal components are not informative anyway even in the case
where they can be calculated because their corresponding
eigenvalues (variances) are all zero [7].

2.2

n

min
w,ξ

1
w2 + C
2

n


ξi

(4)

i=1

under the constraints yi f (xi ) ≥ 1−ξi (i = 1, . . . , n), where
xi are all the training data and yi ∈ {−1, 1} are their corresponding class labels. Once this problem is solved using
the Lagrangian theory, the optimal weight vector w is of the
form:
n

αi yi xi
(5)
w=
i=1

where αi are Lagrangian multipliers.

Recursive Feature Elimination

Based on SVM, Guyon et al [2] proposed a feature subset selection method called Recursive Feature Elimination
(RFE). SVM-RFE is a stepwise backward feature elimination method [3]. The procedure of SVM-RFE can be briefly
described as follows: 1) train a single SVM classifier with
all the training data, 2) rank the features based on a ranking
criterion, 3) eliminate the feature with the lowest ranking
score, and 4) repeat until the required number of features
are retained [2].
In order to rank features, SVM-RFE utilizes the sensitivity analysis based on the weight vector w of the trained
SVM classifier. That is, at each iteration, SVM-RFE eliminates the feature whose removal minimizes the change of
1 In this paper, SVMs with linear kernel are considered. Therefore, the
term SVM classifier is used to denote a linear SVM classifier except where
specified otherwise.
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n

1 
∂(vi xi · vj xj )
∂J
=
αi αj yi yj
∂vk
2 i=1 j=1
∂vk

Support Vector Machine Classifier

Support Vector Machine (SVM) classifier1 is a binary
classification algorithm by Vapnik [8]. Geometrically, SVM
classifier seeks for an optimal hyperplane that linearly separates two classes by maximizing the margin, i.e., the distance to the closest data point from both classes. This hyperplane can be described as a decision function as follows [8]:
f (x) = w · x + b, where w is the norm or the weight vector
of the hyperplane f (x) and b/w is the distance from the
origin to the hyperplane. Given a new data xi , the sign of
f (xi ) determines the class of xi . Finding the maximummargin hyperplane of a SVM classifier can be formulated
into the following optimization problem [8]:

2.3

the following 
object 
function [2]: J = (1/2)w2 , equivn
n
alently, (1/2) i=1 j=1 αi αj yi yj xi · xj by Equation 5.
Hence, for a given feature k, its sensitivity or ranking score
can be measured by the gradient of this object function with
respect to k, which can be computed by introducing a virtual scaling factor v as follows [6]:

n

=

(6)

n

1 
αi αj yi yj (2vk x2k ) = wk2
2 i=1 j=1

(7)

where the virtual scaling factors vi and vj are 1 if i, j =
k, and 0 otherwise. Hence, the squared coefficients of the
weight vector w of the trained SVM classifier are used as
the feature ranking criterion of SVM-RFE. Intuitively, the
feature with the minimum sensitivity would least influence
the weight vector of the optimal hyperplane, and is therefore
to be removed [11].

3

Proposed Method

In this section we describe RFE-Loft, which is an extension of SVM-RFE for MTS datasets. In particular, the
target MTS dataset consists of N labeled MTS data items,
each of which is an m × n dimensional matrix, where the
number of original spatial features m are extremely larger
than the number of temporal observations n (i.e., m  n)
and m is fixed yet n is not necessarily the same across different MTS items. Given such an MTS dataset, RFE-Loft
aims at selecting k number of original features out of m that
collectively have the most discriminant power for the given
classification problem. RFE-Loft first encodes each MTS
data into a vector using principal components and then recursively eliminates one feature at a time until k features are
left as in SVM-RFE. The details of the proposed method are
presented in the following sections.

3.1

RFE-Loft: Vectorization

RFE-Loft utilizes the principal components to vectorize
each MTS data matrix as an input to the RFE procedure.
The intuition behind using the principal components for
the vectorization comes from our previous work, which has
shown that the similarity between two MTS data is effectively measured by comparing their principal components
weighted by the corresponding variances [10]. The interpretation of principal component loadings as the weights of
original features plays a significant role in the unsupervised
feature subset selection [12].
The principal components of an m × n MTS data A,
where m is much larger than n, can be obtained by the sin-

gular value decomposition on its AT A matrix as in Equation 2∼3 rather than on its sample covariance matrix AAT ,
which makes the PCA computation quite manageable by
greatly reducing the required calculations from the order of
features m to the order of observations n. For example,
for the fMRI data of 5000 × 16 dimensions in [5], its PCA
computation is performed on the 16 × 16 symmetric matrix
as opposed to the 5000 × 5000 sample covariance matrix,
which results in at most 16 principal components of 5000
dimensions. Note that as we discussed in Section 2.1 and
Equation 2– 3, the obtained eigenvectors and eigenvalues
are still for the original AAT . We just used AT A as an
intermediate step to reduce the size of data structures we
are dealing with. Once the principal components of each
MTS data are obtained, only the principal components with
non-zero corresponding variance will be utilized in the subsequent process. Note that the number of obtained principal components with non-zero variance of an MTS data
depends on its rank and it is thus not necessarily equivalent across all the MTS items in the set. RFE-Loft simply
takes the minimum value among all the obtained numbers
from the MTS dataset. Hence, the entire target MTS dataset
with N MTS data items is finally encoded into an N × pm
matrix, where p is the minimum number of principal components and m is the number of original features. We refer
to this matrix as a vectorized MTS matrix, where several
principal component loadings are associated with one original feature. This matrix will be utilized in the subsequent
recursive feature elimination step.

3.2

RFE-Loft: Recursive Feature Elimination

Recall that at each iteration of SVM-RFE, a single SVM
classifier is trained with all the data samples and the feature
with the minimum squared coefficient of the weight vector
w (i.e., wi2 ) of the obtained hyperplane is eliminated. The
limitation of this approach is that the obtained weight vector
w that SVM-RFE ranking criterion is based on might overfit
to the training data and not be generalized to the unseen testing data samples. To overcome this, RFE-Loft utilizes multiple SVM classifiers obtained from a cross-validation procedure to approximate the weight vector w with high generalization ability. Intuitively, the ranking criterion based
on multiple SVM classifiers stabilizes the feature ranking
process, and hence the feature elimination.
Cross-validation (CV) is an effective practice to estimate
the generalization performance of a classifier [1]. For example, n-fold CV randomly divides all the data samples into n
folds of nearly equal size, from which one fold is taken out,
all the left (n-1) folds are used to train a classifier, and the
trained model is tested on the one being left out yielding a
CV test error. This is repeated n times and the resulting n
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Algorithm 1 RFE-Loft
Require: labeled MTS dataset,
N {number of MTS data in the set}, m {number of original features}, p {number of principal component loadings per
feature}, k {required number of features}
1: R ← [], S ← [1, . . . , m], cvErr ← [];
2: M T Svec ← Vectorization of MTS dataset;
3: for i = 1 to N do
4:
trM T S ← M T Svec with ith row being left out;
5:
tsM T S ← ith row of M T Svec ;
6:
[modeli , cvWi ] ← Train a SVM classifier with trM T S;
7:
tsErr(i, 1) ← Test modeli on tsM T S;
8:
W ← [W ; (1 − tsErr(i, 1)) × (cvWi )2 ];
9: end for
10: cvErr ← [cvErr; Mean(tsErr)];
11: for i = 1 to (p × m) do
12:
meanWi ← Mean(W (:, i);
13:
stdWi ← Std(W (:, i);
14:
RC(1, i) ← meanWi /stdWi ;
15: end for
16: for i = 1 to m do
17:
RCagg (1, i) ← max(RC(1, [i (1 ∗ m + i) (2 ∗ m +
i) . . . ((p − 1) ∗ m + i)]));
18: end for
19: f ← feature with the lowest score in RCagg ;
20: R ← [f R];
21: S ← S - [f ];
22: Repeat until k variables remain in S;

CV test errors are averaged to be reported as the estimated
generalization performance. In our experiment, we utilized
leave-one-out CV (LOO-CV), which is a special case of nfold CV where n equals to the number of data samples.
Let wk be the weight vector of the SVM classifier obtained from the LOO-CV procedure with kth data sample
being left out, k be the corresponding CV test error, and
wki be the corresponding weight coefficient value associated with the ith feature. Subsequently, the ranking score of
ith feature is computed by aggregating the multiple weight
vector coefficients wki weighed by the corresponding CV
test accuracy (1 − k ) as follows:
n
1
2
wi2
k=1 (1 − k )wki
n
=
(8)
RCi =
n
σwi2
((1−k )w2 −w2 )2
k=1

n−1

ki

i

where wi2 and σwi2 are mean and standard deviation of the
squared weight vector coefficients weighted by the corresponding CV test accuracy, respectively. Note that in LOOCV, the CV test error is either 0 or 1 since only one data
sample taken out is tested with the trained model. Consequently, only the weight vectors that correctly predicts the
test data sample are incorporated in the score computation.
Intuitively, this new ranking score captures how consistent
and how sensitive a feature’s influence is on multiple dis-

criminant hyperplanes. Algorithm 1 describes how the features are scored based on the new ranking criterion in Lines
3–15. In general, the cross-validation is often performed
to monitor the generalization performance of ranked features. As RFE-Loft already computes the cross-validation
error during the feature ranking step as in Line 10 in Algorithm 1, the proposed ranking criterion based on multiple
SVM classifiers from a cross-validation procedure does not
impose any extra computation cost.
Note that the features that have been scored so far by
the new ranking criterion are principal component loadings,
not the original input features. In order to determine the
ranks of the original input variables, all the weights of the
features, i.e., the principal component loadings, with which
the ith variable is associated, are aggregated and one score
is obtained per variable. Finally, the variable to eliminate
is decided based on this aggregated value. RFE-Loft takes
the greedy approach as in Corona [11], and identifies a
variable whose maximum ranking score of its corresponding encoded features (i.e., principal component loadings)
is the minimum among the maximum ranking scores of all
the variables (Lines 17, 19 in Algorithm 1). This variable
whose maximum ranking score is the minimum is then to be
removed. The entire feature elimination process is repeated
until the required number of original features are left or all
the variables have been ranked.

4

Performance Evaluation

In order to evaluate the effectiveness of RFE-Loft, we
conducted experiments on the fMRI datasets2 [5], which is
a real-world dataset collected in Carnegie Mellon University’s Center for Cognitive Brain Imaging (CCBI) to study
the human brain activation in the cortex during a high-level
cognitive task (i.e., sentence comprehension). In particular,
the fMRI data is a series of brain images consisting of several thousand voxels (≈ 5000) scanned at the rate of 2Hz
for 8 seconds while a subject performs either a sentence
or a picture comprehension task. Therefore, one training
data sample is approximately a 5000 × 16 MTS data matrix
with a label of either ’sentence’ or ’picture’. Table 1 shows
the details of fMRI datasets collected from 6 subjects, each
of which was individually evaluated in our experiment due
to the variability among subjects. The number of features
(voxels) is different across the subjects yet the number of
training data samples is the same as 80, i.e., 40 per class. In
addition, specific regions within the brain of each subject,
referred to as regions of interest (ROIs), have been anatomically defined in each of datasets [5].
First, RFE-Loft was applied to each of 6 fMRI datasets,
where the resulting number of principal components with
2 http://www.cs.cmu.edu/afs/cs.cmu.edu/project/theo-81/www/
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non-zero variance used for vectorization was 15 (out of 16)
across all 6 fMRI datasets. Recall that the ranking criterion of RFE-Loft is based on the multiple SVM classifiers obtained from a leave-one-out cross-validation (LOOCV). Therefore, RFE-Loft does not require any extra crossvalidation procedure to report the CV classification error
of each selected feature subset. However, in the competing technique (RFE-ARF), where the autoregressive (AR)
fit coefficients of order 3 using the forward backward linear prediction [4] are used for the MTS vectorization and
RFE with a single SVM classifier is used for the feature
elimination [4], the LOO-CV must be performed to report
the classification error after obtaining a subset of features.
Subsequently, we compared the classification performance
of RFE-Loft with those of RFE-ARF, using only the features in ROIs (ROI), as well as with all the available features (ALL). In addition, in order to explore whether the
performance gain of RFE-Loft comes from the new vectorization using principal components (PCs) or the new criterion using multiple SVM classifiers, a combination of the
new vectorization using PCs and the original ranking criterion using a single SVM classifier was also performed
(RFE-noCV). Note that in order to speed up the feature subset selection procedure in our experiments, we eliminated
the half of remaining features at each iteration at a possible performance degradation and obtained the corresponding cross-validation errors. The algorithms of RFE-Loft as
well as other methods are implemented in M atlabT M using The Spider package [9]. For the classifier, SVM classifier with linear kernel is consistently used in every method,
where the hyperparameter C has been set sufficiently high
(C=100000) in order to keep training error low as in [6].
The entire experiments were performed on a machine with
Pentium IV 3.2GHz CPU and 1 GB of RAM.
Subject ID
04799
04820
04847
05675
05680
05710

# of features
4949
5015
4698
5135
5062
4634

# of features in ROI
154
229
215
77
71
155

Table 1. f MRI datasets for experiments.
In Figure 1, the six plots, each corresponding to one subject, show the individual classification performance of the
different numbers of features selected by RFE-Loft and the
other comparative methods. The X axis is the number of
selected features, i.e., the remaining features at each iterated elimination, and the Y axis is the classification error.
As shown in Figure 1, the number of features can be significantly reduced from around 5000 down to 9 in subject
04799 and 8 in the other subjects to achieve the minimum
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within RFE-ARF, the performance is not improved much as
the number of features is reduced. This may indicate that
the vectorization using the autoregressive coefficients does
not maintain the discriminant and/or correlation information as much as RFE-Loft does, by considering each input
feature separately.
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Conclusion

In this paper, we propose a new feature selection technique for MTS datasets where their spatial features are
much larger than their temporal observations, termed RFELoft. RFE-Loft first vectorizes each MTS item using its
principal components with non-zero corresponding variance, and then repeatedly eliminates one variable at a time
based on the ranking criterion determined by multiple SVM
classifiers until the required number of variables are retained. Our experiments on the fMRI datasets show that
RFE-Loft consistently outperforms the closest competitor
technique in terms of classification performance by up to a
factor of 6.

References

0
0

5

0

1000

2000

3000

# of Selected Features

Figure 1. Classification results of RFE-Loft,
RFE-noCV, RFE-ARF, ROI, and ALL for six
subjects.

classification error 0. This is an improvement as compared
to the results reported by the owner of this fMRI datasets,
where the average error obtained for the most successful
trained classifier, using the most successful feature selection strategy, was 0.11, averaged over 13 subjects3 , with the
best subject reaching 0.04 [5]. The performances of using
all the features as well as using the features in ROIs denoted
by a solid and a dashed line, respectively, are even worse
than the random classification, which is 0.5 in this binary
classification problem. This result therefore strongly supports why feature subset selection, hence dimension reduction, is critical for the extremely high dimensional datasets.
The performance of RFE-noCV using a single SVM classifier for the ranking criterion is comparable with the one of
RFE-Loft in 3 subjects and is marginally worse in the other
subject. This implies that the vectorization using the principal components plays a significant role in the performance
gain of RFE-Loft. The performance by the closest competing method, RFE-ARF, is much worse than RFE-Loft. Even
3 The fMRI datasets obtained only from 6 out of 13 subjects are open to
public.
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